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Abstract—In this paper, we propose an approach to extend the
operational time of teams of battery-based robots by introducing a
set of charging stations. We assume that the robots are heterogeneous
(having different energy limits and being able to service different types
of customers) and have access to a priori known map of the environment.
The map is modeled as a directed, connected, and finite graph whose
nodes are charging stations or customers, and arcs denote the possibility
of traveling. To this end, we first formulate a task assignment and path
planning problem that aims at optimizing energy consumption as well
as the time needed to complete the tasks, including the time spent
for recharging. Next, we propose four offline optimization techniques
and one online algorithm, where the robots can dynamically adjust
their paths in response to the presence of uncertainties imposed by the
physical environment. Our proposed algorithms are validated through
both simulation and a real-world case study on a team of unmanned
aerial vehicles (UAVs) performing a joint search mission.

I. INTRODUCTION

The impressive advances in theory, design, and deployment of mo-
bile robots and autonomous vehicles in the past decade have brought
science fictional stories close to reality. Delivery companies, the New
York City Police Department (NYPD), military units, agriculture
companies, border patrol agencies, etc, now employ unmanned aerial
vehicles (UAVs) to accomplish various tasks faster and more efficient
than humans. However, a shortcoming of UAVs and more generally
mobile robots that live on a battery is their severe energy limits. For
example, the battery life of state-of-the-art operating UAVs does not
go beyond 20 minutes on average. This energy constraint seriously
limits the scope of projects and applications that battery-based UAVs
can achieve. Furthermore, given the relatively slow progress and lack
of breakthroughs in the lithium battery technology, we are in pressing
need to design other ways and means to solve the energy restrictions
of mobile robots.

One of the plausible approaches proposed to address the energy
problem in the context of smart cities is to build infrastructure that
hosts charging stations, where operating mobile robots can recharge
their batteries when needed. In the case where a team of robots
carry out a joint mission, the simplest underlying path planning
problem can be formulated as a variant of the well-known vehicle
routing problem (VRP) [1]. VRP is an NP-complete combinatorial
optimization problem and is generally concerned with the optimal
design of routes by a fleet of vehicles to service a set of customers by
minimizing the overall cost, usually the travel distance or energy for
the whole set of routes in a weighted directed graph. Although VRP
is a widely studied problem, we are only aware of little work on VRP,
where the input graph is augmented with charging stations. Moreover,
this line of work lacks the combination of the three key features that
need to be addressed to realize sustainable teams of mobile robots in
practice: (1) incomplete road graph, (2) multi-objective (i.e., time vs.
energy) optimization, and (3) interaction with a dynamic environment.
This makes our problem a multi-objective mixed integer/real non-
linear optimization problem. The work in [2] allows vehicles to
recharge at customer locations instead of designated charging stations,
which is an over simplification in a real infrastructure. Green VRP (G-
VRP) [3] and electric VRP (EVRP) [4] introduce charging stations,

where vehicles can visit multiple times, but their solutions require
to know the number of visits to each station in advance to eliminate
subtours. This is also not practical. The variant of VRP with the
aforementioned three conditions poses significant new challenges that
to our knowledge have not yet been addressed. Another related line
of work is the motion planning approaches based on SMT-solving
and temporal logics (e.g., [5]–[10]). These approaches are also not
sufficiently powerful to solve our variant of VRP due to its non-
linearity and dealing with mixed integer/real variables as well as
multiple optimization objectives.

With this motivation, we propose an approach to extend the
operational time of teams of battery-powered robots by employing
charging stations provided by the infrastructure. Our problem setting
consists of (1) a team of heterogeneous mobile robots that have
different energy limits and can carry out different types of tasks,
and (2) a directed connected graph, where the nodes are either a
set of goals (or customers) that the team should visit and service a
task, or charging stations (see Fig. 1a). We assume that all robots
have access to the graph. Since recharging at a charging station takes
considerable time, our goal is to design a multi-objective plan function
that optimizes both energy and time consumption to complete all the
tasks in all nodes, including the time spent for recharging. To this
end,

• First, we transform our optimization problem into multi-
objective mixed integer programming (MMIP). This technique
produces the optimal result, though it is offline and limited to
small problem sizes.

• Next, we introduce three scalable offline algorithms that find
sub-optimal solutions. The first is a semigreedy polynomial-
time algorithm which is a combination of the Nearest Neighbor
Heuristic and an extension of the randomized A? algorithm. We
also propose two genetic algorithms (GAs) named Greedy GA
and random GA. The two algorithms have the same evolving
(mating, mutating and selecting) operations. For generating
their initial population, the Greedy GA invokes the semigreedy
algorithm, while the Random GA randomly assigns customers
to robots.

• Finally, since offline solutions are often not suitable to deal
with robots operating in real-life dynamic environments, we
also propose an online algorithm to dynamically adjust the plan
according to the changes in the physical environment.

We have fully implemented our algorithms and report results of
simulation as well as experiments on a real network of UAVs. Our
simulations show that while the MMIP-based technique clearly identi-
fies the optimal solution for small-size problems, for larger problems,
our Greedy GA consistently outperforms both the semigreedy algo-
rithm and Random GA. We also evaluate our online algorithm under
scenarios, where a subset of the fleet of UAVs crash and the rest of
the fleet has to adjust their plans accordingly and possibly recharge
to cope with the new constraints. Our experiment shows how the
online algorithm successfully distributes the remaining work to the
functional UAV(s). We have also deployed our online algorithms on a
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Fig. 1: A sample road graph and its corresponding visit graph.

real network of two UAVs that fly in two different altitudes and carry
out a joint search mission. The experiments show that uncertainties
in the physical environment (e.g., when flying closely, the higher
UAV produces spiral airflow) causes the lower UAV to consume 12%
more energy on average than predicted by an offline algorithm. This
observation clearly motivates the need for our online algorithm. The
video clip of the experiment can be found at https://drive.google.com/
file/d/1NHMu1C IVZqxBMLK626Do5u0kwLjWUHn/view.

Organization: In Section II, we formally state the problem.
Section III presents our transformation to MMIP. Sections IV and V
introduce our offline heuristics, while Section VI presents our online
algorithm. Experimental results are analyzed in Section VII. Related
work is discussed in Section VIII. Finally, we conclude in Section IX.

II. FORMAL PROBLEM DESCRIPTION

In this section, we introduce the formal statement of the problem.

A. Road Graph and Execution units

Definition 1: A road graph is a directed, connected, and finite
graph G = (V,E), where:

• V = {v0} ∪ VC ∪ VB is the set of all vertices, where v0 is the
depot, VC is the set of customers, and VB is the set of (battery)
charging stations, such that v0 6∈ VC ∪ VB , and VC ∩ VB = ∅
(i.e., each vertex can play only a single role, being either the
depot, a customer, or a charging station).

• E is a set of arcs, where an arc (v, v′) ∈ E denotes the
possibility of traveling from node v to v′. �

Figure 1a illustrates an example of a road graph. For simplicity,
we utilize an undirected edge (v, v′) to represent two arcs (v, v′)
and (v′, v). As can be seen in the figure, the incomplete graph
includes depot v0, six customers (i.e., c1, c2, c3, c4, c5 and c6), and
two charging stations (i.e., b1 and b2).

We view a mobile robot as an execution unit that is able to service
customers and is constrained by its energy capacity. For example, a
UAV is able to perform certain tasks within its energy limits.

Definition 2: An execution unit u = 〈Au,Bu〉 is a tuple of two
elements:

• The affinity setAu is a function that maps u to a set of customers
that u is allowed to service;

• Energy bound Bu is a non-negative real number indicating the
upper bound on the energy of u.

�
We denote the set of all execution units by U. An execution unit

consumes time and energy when servicing a customer of a road graph
G. There is also cost associated with transitioning from one node to
another in G and servicing customers discussed next.

B. Cost Functions

To determine the costs of servicing customers in a road graph G
for an execution unit u ∈ U, we define the following cost functions:
• Service cost S : U × VC → R2

≥0 is a function that maps an
execution unit u ∈ U and a customer c ∈ VC to a pair of non-
negative real numbers (t, e), where t and e are the amount of
time and energy, respectively, consumed by u while servicing
c. We also use S(u, c).t (respectively, S(u, c).e) to indicate the
service time (respectively, energy).

• Traveling cost T : U × E → R2
≥0 is a function that maps

an execution unit u ∈ U and an arc a ∈ E to a pair of non-
negative real numbers (t, e), where t and e are the amount of
time and energy consumed by u while traveling from u to v. We
also use T (u, a).t (respectively, T (u, a).e) to indicate traveling
time (respectively, energy).

• Charging cost R : U× VB → R≥0 is a function that maps an
execution unit u ∈ U and a charging station b ∈ VB to a non-
negative real number t denoting the amount of time required to
fully recharge u at b.

C. Assumptions on Path Planning

First, we assume that:
• All execution units are initially fully charged to their capacity

and located at the depot v0.
• The depot and charging stations do not need to be serviced.
• For every pair of customers v, v′ ∈ VC , there is a path from v to
v′ without going through a charging station b ∈ VB or the depot
v0 (i.e., visiting the depot or a charging station is optional).

A walk of G is a sequence w = v0v1 · · · vn, where v0 is the depot
(i.e., a walk must start from the depot), vi ∈ V for all i ∈ [0, n],
and (vi, vi+1) ∈ E for all i ∈ [0, n) (i.e., a walk must go through
adjacent nodes in G.) We use w(i) and |w| to denote the i-th node
and the length of the walk, respectively. Note that a node v ∈ V can
appear multiple times in w. We denote the set of all possible walks
by W .

A plan function F maps an execution unit to a walk. Formally:

F : U→W.

D. Problem Constraints and Optimization Objectives

First, let wu = v0 · · · vn be a walk taken by an execution unit
u ∈ U. We denote the set of customers in wu serviced by execution
unit u by C(wu), that is:

C(wu) =
{
wu(i) |i ∈ [0, n]∧

wu(i) ∈ VC ∧ wu(i) is serviced by u
}
.

Also, let B(wu) be the multiset of charging stations in wu visited
by execution unit u, that is:

B(wu) =
{
wu(i) | i ∈ [0, n] ∧ wu(i) ∈ VB

}
.

The total cost (time and energy consumption) of a walk w taken by
an execution unit u (denoted C(wu)) is shown in Fig. 2.

Recall that B(wu) is a multiset, which allows for multiple in-
stances for each of its elements.

We now detail the constraints or our proposed problem. Our goal
is to compute a plan function F subject to the following constraints.
Affinity. Every execution unit is only allowed to service customers
as determined by its affinity set Au:

∀u ∈ U : C(F(u)) ⊆ Au (2)

where C(F(u)) is the set of customers serviced by execution unit u
when taking the walk determined by the plan F .
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Fig. 2: The total cost (time and energy consumption) of a walk.

Completion. All customers must be serviced exactly once.⋃
u∈U

C(F(u)) = VC

C(F(u)) ∩ C(F(u′)) = ∅ for each distinct u, u′ ∈ U
(3)

Energy bound. Each execution unit should respect its energy bound.
For a walk wu, let Ea(wu, i) denote the remaining energy of u when
it arrives at node w(i), and Ed(wu, i) denote the remaining energy
of u when it departs from node wu(i). The relations between Ea
and Ed are as follows:

Ea(wu, i+ 1) = Ed(w
u, i)− T (u, (w(i), w(i+ 1))).e

(4)

Ed(w
u, i) =


Ea(wu, i)− S(u,wu(i)).e

if wu(i) ∈ C(wu) ∧ wu(i) is serviced at i
Bu if wu(i) ∈ B(wu) ∨ i = 0

Ea(wu, i) otherwise
(5)

where i ∈ [0, n).
Recall that G is only connected (not complete) so an execution

unit u may have to visit a node v several times but services it only
once (if v ∈ C(wu).) Now, we constrain the energy consumption of
execution unit u as follows:

∀i ∈ {0, · · · , n} : Ea(wu, i) ≥ 0 ∧ Ed(wu,, i) ≥ 0 (6)

Finally, our optimization objective is to simultaneously minimize
both time and energy consumption. That is:

min

[∑
u∈U

C
(
F(u)

)]
III. TRANSFORMATION TO MULTI-OBJECTIVE MIXED INTEGER

PROGRAMMING (MMIP)
In this section, we transform our problem into multi-objective

mixed integer programming (MMIP). We start by identifying the
challenges in the transformation:
• A road graph is incomplete. This means that an execution unit

may have to travel through some nodes multiple times to reach
its targets, which creates cycles in its walks and makes the
transformation harder.

• To extend the operational time of execution units, we enforce
them to visit charging stations before draining out their batteries,
which is non-trivial. This also increases the possibility of having
cycles in a walk.

• We intend to optimize both energy and time consumption to
service all customers, including the time for recharging.

From the above challenges, it is clear that the desired MMIP instance
must have variables associated with the arcs in the given road graph
G. Moreover, the variables must be integers to indicate how many
times the arcs are used. However, this introduces a new challenge
of deriving optimal walks for execution units from the solution of
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Fig. 3: An example of a complex walk

the MMIP instance. For example, let us consider the graph shown
in Fig. 3 where every arc has an associated number indicating how
many times the arc is utilized. We can derive at least three different
walks from the given graph: w1 = · · · c2bc1bc3bc3c4bc4 · · · , w2 =
· · · c2bc3bc1bc3c4bc4 · · · or w3 = · · · c2bc4bc1bc3bc3c4 · · · .

Additionally, even if we can obtain the correct optimal walk, it
is not trivial to determine when an execution unit should service a
customer whom it visits more than once. For example, let us consider
w1 in which customer c4 is visited twice (from c3 and b), in which
visit should an execution unit service c4?

To completely resolve the above challenges, we transform the
problem into two different MMIP instances. The first one, presented
in Section III-A, is to identify the number of visits to each node.
Then, in Section III-B, we introduce the concept of visit graph and
the second MMIP instance to obtain optimal walks.

A. Obtaining Visits

1) Decision Variables: Let U be a finite set of execution units,
G = (V,E) be a road graph, and S, T and R be the cost functions
as defined in Section II. The following are decision variables in our
first MMIP instance:

• xu(v,v′): non-negative integer variable indicating the number of
times execution unit u travels from v to v′, for each (v, v′) ∈ E.

• yuv : Boolean variable indicating if execution unit u services node
v, where v ∈ VC .

2) Constraints: This subsection details the constraints of the
MMIP instance based on the ones identified in Section II.
Affinity. An execution unit can only service customers in its affinity
set: ∑

v 6∈Au

yuv = 0 for all u ∈ U, v ∈ VC (7)

Walk validity. An execution unit

• must leave from the depot (v0):∑
(v0,v)∈E

xu(v0,v) = 1 ∀u ∈ U (8)
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• goes through adjacent nodes:

0 ≤
∑

(v,v′)∈E

xu(v,v′) −
∑

(v′,v′′)∈E

xu(v′,v′′) ≤ 1

∀u ∈ U, ∀v′ ∈ V \ {v0}
(9)

∑
(v,v′)∈α(W )

xu(v,v′) · δ
( ∑
v∈W

yuv

)
≥ δ
( ∑
v∈W

yuv

)
∀u ∈ U,∀W ⊆ V \ {v0} : VC ∩W 6= ∅

(10)

where α(W ) = {(vi, vj) | (vi, vj) ∈ E ∧ vi 6∈ W ∧ vj ∈ W}
(i.e., the set of arcs that have only head ends in W ) and δ(x)
is the Kronecker delta function, which returns 0 if x = 0,
otherwise 1. Equation (9) is the flow constraint enforcing that
execution unit u can only leave a node only after having arrived
it. Equation (10) is called connectivity constraint and is adapted
from the one proposed by Fleishmann in [11]. In our adaption,
the delta function is utilized to cover both situations whether
execution unit u services any customers in W or not. In the
former case, δ(

∑
v∈W yuv ) returns 1 enforcing that execution

unit u has to take at least an arc in α(W ) to go into W and
service the customers. In the latter case, δ(

∑
v∈W yuv ) returns

0 making the constraint tautology regardless of value of x’s.
Furthermore, Equation (10) makes our instance non-linear and
requires a non-linear multi-objective solver and off-the-shelf
SMT solvers are not sufficiently powerful.

• does not return to the depot:∑
(v,v0)∈E

xu(v,v0) = 0 ∀u ∈ U (11)

Completion. All customers must be serviced exactly once:∑
u∈U

yuv = 1 ∀v ∈ VC (12)

The binary variable yuv depends on xu(v′,v) as follows:∑
(v′,v)∈E

xu(v′,v) ≥ yuv ∀u ∈ U, ∀v ∈ VC (13)

That is, if execution unit u services customer v, then it must travel
to v.
Energy bound. Every execution unit must operate within its energy
bound. To constrain energy consumption, we first calculate the
amount of energy required by execution unit u to travel and service
a subset of customers W :

γu(W ) =
∑
v∈W

yuv ∗ S(u, v).e +
∑

(v,v′)∈β(W )

xu(v,v′) · T (u, (v, v′)).e

∀W ⊆ VC

where β(W ) = {(v, v′) | (v, v′) ∈ E ∧ v, v′ ∈ W} (i.e., the
set of arcs that have both ends in W ). Next, ζu(W ) is the amount
of energy spent by execution unit u to travel in and out a subset of
customers W :

ζu(W ) =
∑

(v,v′)∈α(W )

xu(v,v′) · T (u, (v, v′)).e+

∑
(v,v′)∈ω(W )

xu(v,v′) · T (u, (v, v′)).e

∀W ⊆ VC

where ω(W ) = {(v, v′)|(v, v′) ∈ E ∧ v ∈W ∧ v′ 6∈W}(i.e., the
set of arcs that have only tail ends in W ). Finally, we constrain the

energy consumption of execution unit u as follows:∑
(v,v′)∈α(W )

xu(v,v′) · δ
( ∑
v∈W

yuv

)
≥

δ
( ∑
v∈W

yuv

)
· (γu(W ) + ζu(W ))

Bu
∀W ⊆ VC

(14)

Equation (14) is an adaption of Equation (10). Again, the delta
function is utilized to cover the both situations (whether execution
unit u services any customers in W or not.) In the latter case,
the constraint is tautology and can be ignored. In the former case,
the rightmost fraction returns the minimum number of times that
u has to be recharged. Thus, the combination of the equation with
Equations (9), (10), and (11) ensures that u will go out of W to a
charging station and return to W to continue its assignment when
necessary.

3) Objective Function: As mentioned in Section II, our problem
requires optimizing both energy and time consumption. Let EB =
{(v, v′)|(v, v′) ∈ E ∧ v′ ∈ VB} (i.e., the set of arcs whose head
ends are recharge stations). Equation (15) is our objective function.

B. Obtaining Optimal Walks
1) Visit graph: Let S? = (V ?, E?) be the directed graph en-

coding the optimal solution obtained from the MMIP proposed in
Section III-A, where:

E? =
{

(v, v′) | (v, v′) ∈ E ∧
∑
u∈U

xu(v,v′) > 0
}

V ? =
{
v, v′ | (v, v′) ∈ E?

}
We associate each v ∈ V ? with a set of visits V ?v =
{v1, · · · , vmv}, where mv =

∑
u∈U

∑
(v′,v)∈E?

xu(v′,v). Now, let

VC =
⋃
v∈VC

V ?v

VB =
⋃

v∈V ?∩VB

V ?v

V = VC ∪ VB ∪ {v0}

That is, the set of vertices V includes all visits to the customers and
the charging stations. Note that unlike customers (all of which must
be serviced and included in V ?), there could exist charging stations
that are never visited by any execution unit in the optimal solution
S?, and they will not be included in VB. Finally, the corresponding
visit graph is G = (V, E), where the set of directed edges E are as
follows:

E =
{

(vki , v
l
j) | (vi, vj) ∈ E? ∧ vki ∈ V ?vi ∧ v

l
j ∈ V ?vj

}
(16)

Example: Figure 1b illustrates the visit graph of the problem
in Fig, 1a where customers c1, c2, and c6 are visited twice. As can
be seen in the figure, we introduce three more nodes c21, c22, and c26
which denotes the second visits to the customers, respectively. We
also include additional edges ((v0, c21), (c21, c

1
2), · · · ) to retain the cor-

responding transition-ability between the nodes (see Equation (16).)
2) The second MMIP instance: The input parameters for this

transformation are (1) the visit graph G = (V, E), which is con-
structed from the result of the first MMIP instance (see III-B1), (2)
the set of execution units U, (3) and the cost functions S, T and R.
Again, we utilize the two type of decision variables as in previous
transformation but they are both Booleans. That is:
• xu(v,v′): Boolean variable indicating if execution unit u visits v′

right after v, where (v, v′) ∈ E .
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min


∑
u∈U

[ ∑
(vi,vj)∈E

xu(v,v′) · T (u, (v, v′)).t+
∑

(v,v′)∈EB

xu(v,v′) · R(u, v′) +
∑
v∈VC

yuv · S(u, v).t
]

∑
u∈U

[ ∑
(v,v′)∈E

xu(v,v′) · T (u, (v, v′)).e+
∑
v∈VC

yuv · S(u, v).e
]

 (15)

• yuv : Boolean variable indicating if execution unit u services v,
where vi ∈ VC .

Next, the objective function (15), and constraints (7), (8), (9),
(10), (11), (13) and (14) are reused after replacing V,E, VC and
VB by V, E ,VC and VB, respectively. Additionally, we introduce
Constraints (17) and (18) to enforce that each node in G is visited
only once, and each customer is serviced only once, respectively.

∑
(v,v′)∈E

xu(v,v′) = 1 ∀u ∈ U, v′ 6= v0 (17)

∑
u∈U

∑
v∈V ?

v′

yuv = 1 ∀v′ ∈ VC (18)

IV. SEMIGREEDY ALGORITHM

In this section, we introduce our semigreedy polynomial-time algo-
rithm in the size of the graph (Algorithm 2) using Nearest Neighbor
Heuristic (NNH) [12]. The NNH utilizes a loop to sequentially select
a customer which has not been assigned to any execution units and
has the lowest insertion cost to assign to an execution unit. Recall
that the insertion cost of a customer includes both the traveling and
servicing cost required to append the customer to the end of the
partially build walk of an execution unit. Moreover, we also add
randomization into the selection procedure making the ordinary NNH
into a semigreedy heuristic version. Before discussing the detail of
the Algorithm 2, let us first identify three specific properties that hold
in every optimal subwalk w(i,j)

u = (vi, · · · , vj) assigned to execution
unit u, such that vi and vj are the only two customers serviced by
u while the other nodes between them (if any) are intermediate ones
(i.e., due to the incompleteness of road graph, u may have to visit
intermediate nodes in order to reach vj). We use these properties to
construct subwalks in Algorithm 1, which is used by our semigreedy
Algorithm 2:
• If execution unit u does not visit any charging station while

executing w(i,j)
u , then it will visit every intermediate node once.

• If execution unit u visits a charging station vb while executing
w

(i,j)
u , then vb is visited only once.

• If execution unit u has to visit one or more charging stations
while executing w(i,j)

u , and let vb be the very first charging sta-
tion that execution unit u visits after vi, then every intermediate
node v between vi and vb is visited only once. This property
also holds when vi is the depot or a charging station.

Therefore, it is possible to partition w(i,j)
u into small (simple) paths

(i.e., a sequence does not include any repeated node) starting from vi
to the very first charging station, from this to the very next charging
station, so on so forth until to vj .

Next, we explore a slight adaptation of the Multi-Objective A?

(MOA?) algorithm proposed in [13] to find all shortest paths between
two nodes. The original algorithm takes as input a graph, a start node
and a set of goal nodes, and returns a directed acyclic graph (DAG)
encoding all shortest paths between the start and each goal. Moreover,
MOA?, like any other variant of A? algorithm [14], requires a
heuristic function H : U×V ×V → R2

≥0 that maps an execution unit
u and 2 vertices v, v′ ∈ V to a pair of real numbers (t, e), where t
and e are the estimate time and energy consumed by execution unit u
to travel from v to v′. In this paper, we make the following changes
to the MOA?:

Algorithm 1: ConstructSubwalk
Input: G, u, vi, vj , r
Output: a shortest walk W from vi to vj

1 w ← [vi]
2 stops ← [vj ]
3 s← vi
4 while True do
5 t← pop the last node from stops
6 r′ ← 0
7 if t = vj then
8 r′ ← r
9 end

10 Paths ←MOA?(G, u, s, t, r′)
11 if Paths 6= ∅ then
12 p← randomly pick one in Paths
13 extend w with p
14 if t = vj then
15 return w
16 end
17 s← t
18 else
19 push t back to stops
20 greedily choose an unvisited charging station b between s

and t
21 push b to the end of stops
22 end
23 end

• The set of goal nodes is replaced by a single target node vt.
• It takes two additional parameters: execution unit u and the

amount of energy r that u should reserve when reaching vt.
Execution unit u will utilize this energy to service vt and move
to the closest charging station (if necessary).

• In the path expansion procedure, we add steps to update the
remaining energy of execution unit u according to Equations (4)
and (5), and only neighbors which do not violate Equation (6)
(the energy constraint) will be selected for further exploration.

Now, we discuss Algorithm 1, which constructs the aforementioned
subwalk w(i,j)

u (i.e., vi and vj are the only two customers serviced
by u, and the other nodes between them (if any) are intermediate
ones.) The algorithm takes as input the road graph G, an execution
unit u, a start node vi, a target node vj , and an amount of energy r
that u should reserve, and returns a shortest subwalk w between the
two nodes. It works as follows:

1) Initialize w by vi (Line 1).
2) Initialize the stack of final and intermediate stops (i.e., charging

stations) with vj (Line 2).
3) Utilize a loop (Lines 4 - 23) to construct paths. At each

iteration, (1) invoke MOA? to find a shortest path between the
corresponding start and target nodes (Line 10), (2) if there exists
a path (Lines 11 - 17), extend the current walk with the newly
found path, and terminate if reaching the final destination,
(3) and otherwise (Lines 18 - 22), utilize the heuristic function
H to greedily find a charging station, which is the nearest one
between the two current ends and has not been visited, and
push it to the stack of intermediate stops.

Finally, we introduce Algorithm 2 that greedily solves the proposed
problem. It takes as input a road graph G and the set of execution
units U. The algorithm works as follows:

1) Initialize the set of unserviced customers with all customers
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Algorithm 2: Semigreedy algorithm
Input: G, U
Output: Walks for the execution units

1 ṼC ← VC
2 W̃ [u]← [v0], ∀u ∈ U
3 while ṼC 6= ∅ do
4 foreach (u, c) ∈ U× ṼC do
5 r ← S(u, c).e
6 if c is not the last customer then
7 e← min{H(u, c, b).e}, for all b ∈ VB
8 r ← S(u, c).e + e
9 end

10 l← the last node in W̃ [u]
11 w ← ConstructSubwalk(G, u, l, c, r)
12 InsertCosts [u, c] = C(wu) + S(u, c)
13 end
14 S ← argmin(InsertCosts)
15 (u, c)← randomly pick one from S
16 update W̃ [u]
17 remove c from ṼC
18 end
19 return W̃

(Line 1).
2) Initialize the partially built walk of each execution units with

the depot (Line 2).
3) Utilize a loop (Lines 3 - 18) to sequentially assign an unser-

viced customer to an execution unit. At each iteration,
a) Determine the amount of energy that an execution unit

has to reserve after reaching a new customer (Lines 5
- 9). If there are two or more unserviced customers, an
execution unit has to reserve energy not only to service the
selected customer but also to move to the nearest charging
station after servicing the customer. By doing so, we can
get rid of the premature completion (i.e., although there
still exists unserviced customers, all execution units have
completely or nearly drained out their batteries at their
last customers and cannot go to any charging stations.)

b) Utilize Algorithm 1 to determine a shortest subwalk to the
next customer (Line 11), and calculate the corresponding
insertion cost (Line 12).

c) Due to the competing of two objectives, there likely exists
more than one pair of a customer and an execution unit
whose insertion costs are not (Pareto) dominated. Let S
be the set of such pairs (Line 14).

d) Randomly pick a pair from the set S, and update the cor-
responding partially built walk of the selected execution
unit.

e) Update the set of unserviced customers by removing the
newly selected customer.

V. GENETIC ALGORITHM

A. Representation of Solution
Recall that our problem has two competing objectives (optimizing

both time and energy consumption) which results in the existence of
more than one shortest subwalks between any two customers vi and
vj . In other words, given a same set of customers assigned to an
execution unit, we can have multiple shortest walks which could be
assigned to an execution unit. In order to include all such walks in
our population, we utilize a 2-part string to encode an individual:
• The Customer Assignment String (CAS ) is a vector of length
|VC |, such that CAS(i) = j, where 1 ≤ i ≤ |VC | and 1 ≤ j ≤
|U| are IDs of a customer and an execution unit, respectively.
That is, customer ci ∈ VC is assigned to execution unit uj ∈ U.

CAS 1 1 1 2 2 2

WS1 WS2

WS v0 c?1 c?2 b1 c2 c?3 v0 c1 c?6 b2 c6 c?5 c?4

Fig. 4: A sample individual

• The Walks String (WS ) contains |U| substrings each is denoted
by WSu, for each u ∈ U, and represents a walk executed by
the associated execution unit.

Each individual is represented by a pair 〈CAS ,WS〉. Figure 4
illustrates a chromosome for the problem in Fig. 1a and two execution
units. In this example, (1) customers c1, c2, and c3 are assigned to
execution unit u1 while customers c4, c5, and c6 are assigned to
execution unit u2; (2) and the walks for u1 and u2 are:

wu1 = [v0, c
?
1, c

?
2, b1, c2, c

?
3]

wu2 = [v0, c1, c
?
6, b2, c6, c

?
5, c

?
4]

Note that we utilize ? to indicate the visit during which the
execution unit services the corresponding customer.

Moreover, we want only distinctive individuals in our population.
To this end, each newly created chromosome (by random generation,
crossover operation, or mutation) is checked against those in the pop-
ulation. If the new chromosome is identical to any in the population,
it is discarded. Otherwise, it will be put into the population. Two
chromosomes are said to be the same if they have the same CAS
and WS . The rationale of obtaining only distinctive individuals is to
increase both the diversity and convergence rate.

B. Generation of Initial Population

Any GA algorithm requires a set of initial individuals from which
the evolution begins. However, our intuition is that the initial popula-
tion can give an important contribution to enhance the final solution.
To test this, we utilize two different methods for generating the initial
population and compare their final results. In the first method, named
Greedy GA, we invoke Algorithm 2 to obtain customers and walks
assigned to each execution unit (i.e., CAS and WS , respectively). In
the second method, named Random GA, we first generate the CAS
part by randomly assigning a customer to an execution unit (that
is, we generate a random integer number in the range of [1, |U|] and
assign it to a CAS(i) which represents customer vi ∈ VC ). Then, we
construct a walk for every execution unit to visit its customers using
Algorithm 3, which takes as input the problem graph G, an execution
unit u and the set of customers assigned to u. The algorithm works
as follows:

1) Initialize the set of unserviced customers with V uC (Line 1).
2) Initialize the walk with the depot v0 (Line 2).
3) In the loop (Lines 3 - 18), utilize NNH to sequentially assign

each customer to the unit. At each iteration, (1) evaluate the
insertion cost of each customer (Lines 4 - 14), (2) pick one with
the lowest insertion cost (Line 15), (3) update the currently built
walk of the execution unit (appending not only the selected
customer but also intermediate nodes), (4) and remove the
newly selected customer from the set of unserviced ones.

C. Crossover Operator

Recall that an individual is a pair 〈CAS ,WS〉, where CAS is
the major component encoding the set of customers assigned to an
execution unit, and WS is the set of walks for execution units. Our
proposed crossover operator mainly targets to CAS component and
reproduces the corresponding WS . That is, (1) randomly pick two
individuals from the population, (2) generate two cutoff points s, e ∈
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Algorithm 3: ConstructWalk
Input: G, u, V uC
Output: Walk for execution unit u

1 ṼC ← V uC
2 w ← [v0]
3 while ṼC 6= ∅ do
4 InsertCosts ← []
5 l← the last node in w
6 foreach c ∈ ṼC do
7 r ← S(u, c).e
8 if c is not the last customer then
9 e← min{H(u, c, b).e}, for all b ∈ VB

10 r ← S(u, c).e + e
11 end
12 p← ConstructSubwalk(G, u, l, c, r)
13 InsertCosts[c] ← C(pu) + S(u, c)
14 end
15 c← argmin(InsertCosts)
16 update w
17 remove c from ṼC
18 end
19 return w

[1, |VC |] and s < e, (3) utilize the points to divide the CAS of
each individual into three pieces, (4) swap the middle piece of each
individual, (5) and invoke Algorithm 3 to generate new WS to replace
the existing ones.

D. Mutate Operator

Mutation of an individual is implemented through a very simple
procedure: (1) randomly choose an individual, (2) generate two cutoff
points s and e for the CAS as in the crossover operator, (3) apply a
circular shift to the middle part (i.e, replace CAS [s] with CAS [s+1],
CAS [s + 1] with CAS [s + 2], ..., CAS [e] with CAS [s]), (4) and
invoke Algorithm 3 to update the WS .

E. Select Operator

New individuals are introduced by crossover and mutation opera-
tors at every generation, and in order to maintain a fixed-size pop-
ulation, we have to remove some bad individuals before proceeding
to the next generation. To this end, first, each in the population is
associated with a pair including:
• Infeasibility, a Boolean value indicating if any execution units

of the solution violate the energy constraints (see Equation 6).
• Total cost, a pair of numbers indicating the total time and energy

consumption of all execution units.
Then, all individuals in the population are sorted in ascending order
wrt. the value of their associated pair. Finally, we keep only top
P individuals in the sorted population, where P is the size of the
population.

VI. ONLINE ALGORITHM

In the context of CPS, the physical environment (e.g., weather
conditions) likely affects the parameters set in our offline algorithms.
Such changes motivate the need of an online algorithm which adjusts
walks assigned to execution units when necessary. We assume that (1)
a central ground station (GS) controls execution units, and (2) only
traveling cost, servicing cost, and the set of execution units change
over the time. That is, while the depot, the set of customers, charging
stations and road graph remain unchanged. Let Ton and Son denote
the online traveling and servicing cost functions.

Next, we discuss the input of the proposed algorithm. First, when
the GS receives a notification of changes in the environment at time
t, there could be some (or all) customers which have been serviced
and must be eliminated before invoking the algorithm. Similarly, only

functional execution units Ũ at time t are taken as input of the online
algorithm. Next, let us consider a walk w = v0v1 · · · vn assigned to
execution unit u. If u locates at vi at the time t (if it is traveling
to vi, we still consider that u is at vi), where i ∈ [0, n], then the
partially executed walk of u is w̃ = [vi · · · , vn]. Let W̃ be the set
of all partially executed walks of functional execution units and be
the last input of our proposed algorithm. Note that on eliminating a
serviced customer, we do not truly remove it from G but only mark
it as an intermediate node (recall, our graph G is incomplete and
we may need it to reach unserviced customers.) In other words, the
vertices of G at time t can be separated into 3 disjoint sets: the set
of charging stations VB , the set of unserviced customers ṼC , and
the set of intermediate nodes VI . We denote the graph modeling the
problem at time t by G̃. Finally, we introduce Algorithm 4 which
takes as input a graph G̃, a set of functional execution units Ũ, and
a set of partially executed walks W̃ . Our proposed online algorithm
operates in the following two phases:

A. Simulation

The major purpose of this phase (Line 1) is to identify the set
of customers V̄C which newly become unassigned because one or
more execution units become unavailable (e.g., because of crashes)
or violate energy bound (i.e., the changes in the physical environment
make the execution units consume more energy than expected and be
unable to arrive a charging station before draining out their batteries.)
To detect the violation in the latter case, we utilize the online cost
functions (i.e., Ton and Son) to check the remaining energy of each
execution unit at every node in the assignments (see Equation 6).

B. Calibration

In this phase, we introduce two optimizing strategies.
a) Locally optimizing: This strategy is applied when V̄C is an

empty set (i.e., there does not exist any unassigned customer) (Lines 2
- 14). Although the current walks can be still utilized, we can get a
better solution by targeting intermediate nodes. That is, if execution
unit u has to travel through an intermediate node v which is also
an unserviced customer, we try to assign v to u. If the assignment
yields a better result, then it is committed.

b) Resolving: This strategy is to assign customers in V̄C to
functional execution units (Lines 15 - 26). To this end, we apply
NNH to assign each customer in V̄C to an execution unit u which
has the lowest insertion cost. Recall that C(wu) is the cost of walk
w assigned to execution unit u (see Equation 1.)

VII. EVALUATION

To rigorously analyze the techniques presented in the previous
sections, we target a multi-UAV exploration application, where an
area is represented by a grid, and a swarm of UAVs is deployed to
search the grid (see Fig. 5 for a 4 × 4 grid). The edges limit the
maneuver lines of a UAV to four directions: east, west, north, and
south. This also means that a UAV has to inevitably travel through
some adjacent nodes, regardless whether it services them or not, to
reach a remote one.

A. Simulations

1) Analysis of Offline Algorithms: Figure 6 shows the results of
our simulations of the UAV system. We utilized the MMIP solver tool
named PolySCIP [15] to obtain the optimal solutions for the 3 × 3
grid (the depot is at (0, 0), the two charging stations are at (2, 0)
and (2, 2), and the remaining six nodes are customers) to serve as a
reference for what an optimal set of flight paths can achieve. As ex-
pected, the plans obtained from MMIP cost less energy and time than
the genetic algorithms (GAs) and the greedy algorithm (see Figs. 6a
and 6b). For larger grids, MMIP does not scale well, so we only run
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Algorithm 4: Online algorithm

Input: G̃, Ũ, W̃
Output: new walks for functional execution units Ũ

1 V̄C ← Simulate(G̃, Ũ, W̃ )
2 if V̄C = ∅ then
3 ṼC ← set of unserviced customers
4 while ṼC 6= ∅ do
5 foreach u ∈ Ũ do
6 Iu ← the set of intermediate node in W̃ [u]
7 foreach v ∈ {v′ | v′ ∈ Iu, v′ ∈ V̄C} do
8 if assigning v to u yields a better solution then
9 assign v to u and update W̃ [u]

10 remove v from ṼC
11 end
12 end
13 end
14 end
15 else
16 foreach c ∈ V̄C do
17 foreach u ∈ Ũ do
18 Cu ← set of customers assigned to u
19 Cu ← Cu ∪ {c}
20 wu ← ConstructWalk(G, u,Cu)
21 Costs[u]← C(wu)
22 end
23 u← argmin(Costs)
24 assign c to u and update W̃ [u]
25 end
26 end
27 return W̃

(0, 0) (0, 1) (0, 2) (0, 3)

(1, 0) (1, 1) (1, 2) (1, 3)

(2, 0) (2, 1) (2, 2) (2, 3)

(3, 0) (3, 1) (3, 2) (3, 3)

Depot Customer Charging
station

Fig. 5: Road graph of a 4× 4 grid.

the semigreedy algorithm and GAs for the 6×6 (the depot is at (0, 0),
and the four charging stations are at (0, 5), (2, 2), (5, 0), and (5, 5))
and the 10 × 10 grids (the depot is at (0, 0), and the nine charging
stations are at (0, 1), (0, 5), (0, 9), (5, 2), (5, 6), (9, 0), (9, 4), (9, 7)
and (9, 9)). Their results are shown in Figs. 6c, 6d, 6e, and 6f
showing that the greedy GA consistently outperforms the random
GA (approximately 7%) and the semigreedy algorithm (about 20%)
for both time and energy consumption. Our simulations for other
grid sizes show the same pattern, but are not presented for reasons
of space.

2) Analysis of the Online Algorithm: In order to analyze our online
algorithm, we design the following scenarios. In the first scenario,
three UAVs explore a 4×4 grid (see Fig. 5). If the conditions during
the entire operation do not change, then the UAVs complete their
mission in 95s and spend about total 96kJ for the entire fleet. (see
Fig. 8). This solution is obtained by the offline greedy GA. Now, we
take the same flight paths and inject a UAV crash at time 19s. The

online algorithm realizes that the current flight paths are not feasible
and computes a new plan for the remaining two UAVs. The new flight
paths take 114s and about total 115kJ to complete all the tasks. In
the third scenario, we inject an additional UAV crash at time 57s, and
the online algorithm once again computes a new plan which takes
181s and about total 190kJ to service all the customers.

B. Experiments with Real Multi-UAV Network

We now report the results of implementation and deployment of
our algorithms in a real network of UAVs. The experimental platform
consists of a motion capture system (12 OptiTrack motion capture
cameras) in 480 square feet lab space (see Fig. 7). We employed Intel
Aero drones and programmed the PX4 flight controller. The UAVs
communicate with the base station over a dedicated WiFi TCP/IP
network. Our goal is to demonstrate that our online algorithm can
react effectively to uncertainties caused by the physical environment.

In our experiment1, we deployed two UAVs flying at two different
altitudes in an area modeled by a 4×4 grid (see Fig. 5). Although the
UAVs are equipped with batteries of 200kJ , we constrain that each
of their flights (since taking off until landing) cannot consume more
than 15kJ . When the UAVs follow the flight paths prescribed by
the greedy GA, the UAV flying in a lower altitude cannot complete
one of its flight due to reaching their energy constraint (15kJ) too
quickly, resulting in a pre-mature completion of the mission. The
reason for this is that when the two UAVs fly close together, the top
one creates spiral air flow, causing the lower UAV to spend about
12% more energy than predicted by the greedy GA.

Next, we ran our online algorithm initialized by the same flight
paths. The online algorithm effectively conducted appropriate re-
planning and serviced the 13 customers. In another online experiment,
we randomly select a UAVs and force it landing to simulate a
crash. The crashed UAV then sends a message to the ground station
announcing the issue. The online algorithm computed a new plan
which reassigns all remaining customers of the crashed drone to
the the alive one. Thus, the online algorithm successfully reacts to
changes of the physical system as we expected.

VIII. RELATED WORK

First, we note that our proposed approach is not related to single
robot path planning techniques such as [16], [17] and, hence, we do
not discuss them here. Energy-aware path planning has been studied
before. The work in [18] proposes a path planning algorithm, where
robots can return to a charging station before they run out of energy.
However, unlike our approach, it does not take into account the
recharging cost/time into account.

The “Autonomous Recharging Problem” has been a topic of
increasing demand in mobile robotics. Much of this research tries
to address one of two questions: how to recharge and when to
recharge. For the former question, there is extensive research focusing
on designing autonomous charging stations. Although most of such
research (e.g., [19]–[21]) is to design station for recharging a single
robot, the authors of [22], [23] developed charging station capable
of recharging multiple robots at a time. For the latter question, the
work in [24]–[27] proposes robots’ behavioral frameworks which take
into account battery constraints and utilize fixed battery threshold
to decide when to go to the charging station (which is also the
depot) while they are doing their pre-assigned tasks. An alternative
approach, [28], the robots leave to the recharging station only when
they have just enough battery to reach the station. Although this
approach is more robust than the two others, it poses a problem if the
estimation is done poorly. Moreover, it (and behavioral frameworks

1The video clip of the experiment can be found at https://drive.google.com/
file/d/1NHMu1C IVZqxBMLK626Do5u0kwLjWUHn/view.
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Fig. 6: Simulation results for 3× 3, 6× 6, and 10× 10 grids.

Fig. 7: Experimental platform.
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generally) is myopic and likely fails to minimize the global energy
consumption of the whole systems.

Since its first introduction by Dantzig and Ramser [29], although
the VRP has been extensively studied and has a wide variety of
variants, the literature on the problem with charging station is still
relatively scarce. The work in [2], to the best of our knowledge,
was the first to consider the recharging VRP in which vehicles are
allowed to recharge at certain customer locations. Due to the fact that
(1) the problem is modeled by a complete graph, (2) each customer is

visited once, (3) and vehicles can recharge their batteries at customer
locations, the solution of the problem does not contain any cycle
(so it is relatively easier to solve than ours) Erdoğan and Miller-
Hooks [3] propose the green VRP (G-VRP) in which vehicles run
on fuel and can be refueled at fuel stations or the depot. Although, the
problem, similar to other variants of VRP, is modeled by a complete
graph, each fuel station may be visited more than once or not at
all. This means that routes of vehicles may have cycles, but the
solution needs to know the number of times nf that each fuel station
is visited in advance, which is different to our problem, to associates
vf with a set of nf dummy nodes in order to eliminate subtours
(cycles). Unfortunately, determining nf ’s is not trivial because they
should be set as small as possible so as to reduce the network size
but large enough to not restrict multiple beneficial visits. The work
in [4] proposes Electric VRP (EVRP) which is an extension of G-
VRP focusing on electric vehicles (EVs) and with time windows
(i.e., customers must be serviced within a given time interval.) Here
also, the solution needs to know the number of times that a charging
station is visited to eliminate subtours. Although our problem could
alternatively be cast as a variant of the VRP, it has four distinctive
features: (1) the graph modeling the problem is incomplete, (2) the
vehicles are heterogeneous, (3) the number of times that vehicles visit
intermediate nodes and charging stations is not required, (4) and the
customers of each vehicle can be reassigned due to the changes of
physical environment.

The problem of scheduling for persistent mission is another ap-
proach also close to the work in this paper. The work in [30], [31]
considers the problem of minimized the number of drones used to
persistently monitor a set of locations. Specifically, the authors design
a set of routes (leaving from the depot to service some customers and
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returning to the depot) such that at least one UAV will be present for
monitoring each location at any given time and get replacement to
go back to the depot for recharging before draining out the batteries.
Contrary to our problem where we have multiple places at which
robots can recharge their batteries and they do not need to go back
to the depot. The work in [32] tackles the problem of extending the
operational time for a set of UAVs by introducing charging stations,
which is very close to ours. However, the authors assume that each
task can be split into smaller jobs (i.e., a customer can be partially
and sequentially serviced by two or more robots.) Moreover, they
propose only a mixed integer linear programming (MILP) model and
a genetic algorithm to solve the problem in offline manner, and lack
an online algorithm.

IX. CONCLUSION AND FUTURE WORK

In this paper, we introduced the problem of extending operational
time of team of mobile robots by using charging stations. The robots
are given a road map showing a set of locations that they have to
reach to perform certain tasks and a set of charging stations where
they can get their batteries recharged. Our goal is to identify a plan (a
set of walks) to the robots to efficiently accomplish the tasks without
violating their energy constraints. We introduced four different offline
techniques that identify optimal and near-optimal plans for robots
to execute all the tasks. We also introduced an online algorithm
that reacts to situations, where the physical environment invalidates
some of the design, implementation, or optimization assumptions. We
reported results of simulations of all of our algorithms as well as a
proof of concept using a real network of UAVs that carry out a joint
search mission.

Although our proposed online algorithm can dynamically adjust the
assignments in responding to changes in the physical environment, it
is a bottleneck, since the ground station has to deal with all execution
units. Thus, an interesting and practical problem is to design an online
decentralized algorithm, where execution units make their planning
decisions through communicating with each other.
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