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Abstract

This paperpresentsIncrementalHierarchicalDiscriminant Regression(IHDR) which incrementallybuilds a
decisiontree or regressiontree for very high dimensionalregressionor decisionspacesby an online, real-time
learningsystem.Biologically motivated,it is an approximatecomputationalmodel for automaticdevelopmentof
associative cortex, with both bottom-upsensoryinputs and top-down motor projections.At eachinternal nodeof
the IHDR tree, information in the output spaceis usedto automaticallyderive the local subspacespannedby the
most discriminatingfeatures.Embeddedin the tree is a hierarchicalprobability distribution model usedto prune
very unlikely casesduring thesearch.Thenumberof parametersin thecoarse-to-�neapproximationis dynamicand
data-driven,enablingthe IHDR tree to automatically�t datawith unknown distribution shapes(thus, it is dif�cult
to selectthe numberof parametersup front). The IHDR tree dynamicallyassignslong-termmemoryto avoid the
loss-of-memoryproblem typical with a global-�tting learning algorithm for neural networks. A major challenge
for an incrementallybuilt tree is that the numberof samplesvariesarbitrarily during the constructionprocess.An
incrementallyupdatedprobability model,called samplesize dependentnegative-log-likelihood(SDNLL) metric is
usedto deal with large-samplesize cases,small-samplesize cases,and unbalanced-samplesize cases,measured
amongdifferentinternalnodesof theIHDR tree.We reportexperimentalresultsfor four typesof data:syntheticdata
to visualizethe behavior of the algorithms,large faceimagedata,continuousvideo streamfrom robot navigation,
andpublicly availabledatasetsthat usehumande�ned features.

Keywords: online learning, incrementallearning, cortical development,discriminant analysis,local invariance,
plasticity, decisiontrees,high dimensionaldata,classi�cation, regression,andautonomousdevelopment.
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I . INTRODUCTION

Thecerebralcortex performsregressionwith numericalinputsandnumericaloutputs.At anappropriatetemporal
scale,the �ring rate (or frequency of the spikes) hasbeenmodeledas a major sourceof information carriedby
the signalsbeing transmittedthroughthe axon of a neuron[1, pages21-33]. A cortical region develops(adapts
andself-organizes)graduallythroughits experienceof signalprocessing.Pandya& Seltzer[2] proposedthat there
arefour typesof cortex: primary, association,multimodal,andparalimbic.The associationcortex lies betweenthe
primary cortex andmotor areas[3, pages183-188].The mathematicalmodeldescribedherecanbe consideredas
a coarse,approximatecomputationalmodel for the developmentof the associationcortex, whosemain goal is to
establishthe association(i.e., mapping)betweenthe primary sensorycortex and motor cortex. However, a lot of
puzzlesaboutthe biological brain areunknown. The computationalmodeldescribedheredoesnot intendto �t all
biological details.

Classi�cationtrees(classlabelsasoutput)andregressiontrees(numericalvectorsasoutput)have two purposes:
indexing andprediction.Theindexing problemassumesthatevery inputhasanexactlymatcheddataitem in thetree,
but the predictionproblemdoesnot assumeso and,thus,requiressuperiorgeneralization.The predictionproblem
hasthe indexing problemasa specialcase,wherethe input hasan exact match.Indexing trees,suchasK-D trees
and R-trees,have beenwidely usedin databasefor known dataretrieval with a goal to reacha logarithmic time
complexity. Predictiontrees,also called decisiontrees,have beenwidely usedin machinelearningto generatea
setof tree-basedpredictionrulesfor betterpredictionfor unknown futuredata.Although it is desirableto construct
a shallow decisiontree, the time complexity is typically not an issuefor decisiontrees.The work presentedhere
is required for a real-time, online, incrementallylearning arti�cial neural network system[4]. Therefore,both
goalsare thought:fast logarithmic time complexity andsuperiorgeneralization.Further, we requirethe tree to be
built incrementally, sincethe treemust be usedfor operationwhile dataarrive incrementally, suchas in a system
that takes real-timevideo streams.Thus, in the work presentedhere we concentrateon treesand, in particular,
incrementallybuilt trees.

Traditionally, classi�cationandregressiontreesusea univariatesplit at eachinternalnode,suchasin CART, [5],
C5.0, [6] and many others.This meansthat the partition of input spaceby eachnodeuseshyper-planesthat are
orthogonalto the axesof the input spaceX . Multivariatelinear splits correspondto partition hyper-planesthat are
not necessarilyorthogonalto any axisof the input spaceandthus,potentiallycancut alongthedecisionboundaries
moreappropriatelyfor betterpredictionor generalization.Treesthatusemultivariatesplitsarecalledobliquetrees.
As early as the mid-70s,Friedman[7] proposeda discriminatingnode-splitfor building a tree which resultedin
an oblique tree. The OC1 by Murthy et al. [8] and SHOSLIF tree by Swets& Weng [9] are two methodsfor
constructingoblique trees.For an extensive survey of decisiontrees,seea survey by [10].

TheOC1usesan iterative searchfor a planeto �nd a split. TheSHOSLIFusestheprincipalcomponentanalysis
(PCA) and linear discriminantanalysis(LDA) to directly computesplits. SHOSLIF usesmultivariate nonlinear
splits correspondingto curved partition surfaceswith any orientation.Why is discriminantanalysissuchas LDA
important?LDA usesinformationof the outputspacein additionto the informationin the input spaceto compute
thesplits.PCA only usesinformationin the input space.Consequently, variationsin the input spacethataretotally
uselessfor output (e.g.,purenoisecomponents)arealsocapturedby the PCA. A discriminantanalysistechnique,
suchasLDA, candisregard input componentsthat are irrelevant to output (e.g.,purenoisecomponents).

The problemgetsharderwhenthe output is a multidimensionalanaloguesignal,as is the casewith a real-time
motor controlledby a robot. The classlabel is unavailableand thus, the LDA methodis not directly applicable.
Developedconcurrentlywith the incrementalversion presentedhere, the Hierarchical Discriminant Regression
(HDR), by the sameauthors[11], performsclusteringin both outputspaceand input space,while clustersin the
output spaceprovide virtual labels for membershipinformation in forming clustersin the input space.An HDR
treeusesmultivariatenonlinearsplits, with multivariatelinear splits asa specialcase.

A. Incrementalregression

The problem becomeseven harderif the learning must be fully incremental.By fully incremental,we mean
that the tree must be updatedwith every input vector. It is not unreasonableto assumethat the brain is fully
incremental:it must function and updatefor every sensoryinput. In an incrementallearning system,the data
framesarrive sequentiallyin time. Eachframe(vector)x(t) is a sample(snapshot)of thechangingworld at time t .
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Sincethe streamsof observationarevery long andoften open-ended,the systemmustbe updatedusingoneframe
at a time. Eachframe is discardedas soonas it is usedfor updating.The major reasonsfor sequentiallearning
include: (a) The total amountof data is too much to be stored.(b) Batch processing(including block-sequential
processing,wherethe systemis updatedwith eachtemporalblock of data)takes time and introducestime delay
betweenthe time when the �rst batchis collectedand the time the next batchis collected.(c) Updatinga tree is
fast, signi�cantly fasterthan constructingthe entire tree. Thus, the latency betweenupdatingusing a frame and
using the updatedtree is short.

Sinceincrementallearningworks undera more restrictedcondition (e.g.,all the training dataare not available
all at once),the designof an effective incrementalalgorithm is typically more challengingthan a batchversion.
In the neuralnetwork community, incrementallearningis commonsincethe network alonedoesnot have spaceto
storeall the training data.Further, incrementallearningis a must for simulatingwhat is calledautonomousmental
development[12] [13].

Due to the fact that incrementallearningoperatesundermore restrictive conditions,typically one shouldnot
expectan incrementallearningsystemto out-performa batchlearningmethodin termsof, e.g.,error rate.But, our
experimentalresultspresentedin SectionV indicatedthat the differenceof error ratesbetweenHDR andIHDR is
small, and in a test (Table III) the error of IHDR is smaller.

However, we can also take advantageof the incrementallearning nature:(a) Perform while being built. The
treecanwork beforeall the dataareavailable.(b) Concentrationon hardcases.The later training samplescanbe
collectedbasedon the performanceof the currenttree,allowing for the collectionof moretraining casesfor weak
casesor hard-to-learncases.(c) Dynamicdeterminationof the numberof training samples.Given a classi�cation
or regressiontask, it is very dif�cult to determinehow many training samplesare needed.Incrementallearning
enablesdynamicdeterminationof the total numberof samplesneededbasedon currentsystemperformance.(d)
The samesample(micro-clusterin the leaf nodesof IHDR), received at different times,canbe storedat different
positionsof the tree,potentially improving the performance.

The batchprocessingversionof HDR appearedin [11]. This paperpresentsthe IncrementalHDR (IHDR). We
concentrateon the incrementalnatureof the techniqueandrefer the readerto [11] for issuescommonto HDR and
IHDR. In otherwords,IHDR follows the learningprincipleof typical neuralnetworks— incrementallearning.The
incrementallygeneratedIHDR tree is a kind of network. Unlike traditionalneuralnetworks, suchas feedforward
networks andradial basisfunctions,the IHDR network hasthe following characteristics:

1) A systematicorganizationof long-termmemoryandshort-termmemory. The long-termmemorycorresponds
to information in shallow nodesand micro-clusters(also called primitive prototypes,when the meaningof
micro-clustersis alluded) in leaf nodeswhich are not visited often. The short-termmemory corresponds
to micro-clustersin leaf nodesthat are visited often, so that the detail is forgotten through incremental
averaging.The long-termmemorypreventscatastrophicloss of memory in, e.g.,back-propagationlearning
for feed-forward networks.

2) A dynamically, automaticallydetermined(not �x ed) set of systemparameters(degreesof freedom).The
parameterscorrespondto the meanandcovariancematrix of probability modelsin all of the internalnodes
and the dynamicallycreatedmicro-clustersin leaf nodes.The dynamicallydetermineddegreesof freedom
presentseverelocal minimathatmight resultfrom a network with a �x ednumberof layersor a �x ednumber
of nodesin eachlayer, when it intendsto minimize the error of �tting for desiredoutputs.IHDR doesnot
use�tting at all.

3) A course-to-�nedistribution approximationhierarchyso thatcoarseapproximationis �nished at parentnodes
before�ner approximationby their children.The imperfectionof the boundariesdeterminedby early frozen
ancestornodesarecorrectedandre�ned by their laterchildren.Suchaschemealsocontributesto theavoidance
of the local minima problem:limited experience(the total numberof micro-clustersin all leaf nodes)may
result in lack of detail in regressionbut not local minima in overall �tting.

4) Fastlocal updatethroughthetreewithout iteration.Someexisting methods,suchasevolutionarycomputation
and simulatedannealingcan deal with local minima, but they require iterative computationswhich are not
suitedfor the real-timeupdatingandperformance.

We did not �nd, in the literature,an ef�cient techniquethat performsdiscriminantanalysisincrementallywhile
satisfyingall of the sevenstringentrequirementsdiscussedbelow. As far aswe know, therewasno prior published
incrementalstatisticalmethodsuitedfor constructinga regressiontree for high dimensionalinput spacebasedon
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discriminantanalysis.By high dimensionalspacewe meanthat the dimensionrangesfrom a few hundredto a few
thousandandbeyond.The numberof samplescanbe smallerthanthe dimension.Whenthe numberof samplesis
smallerthanthe input dimension(i.e., the numberof features),[5] and[8] describedthe situationasdataunder�ts
the conceptandthus,disregardedthe situation.

This high dimensional,smallsamplecasebecomesvery importantwith increaseduseof high dimensionaldigital
multimediadata,suchas imagesand video, whereeachpixel value is a componentof the input vector. 1 These
applicationsgive rise to high dimensionaldatawith strongcorrelationsamongcomponentsof input. CART, C5.0,
OC1, and other publishedtree classi�ers that we know perform reasonablywell for relatively low-dimensional
data that was preparedby humans.Eachcomponentof such training data is a human-de�nedfeatureand thus,
correlationamongthesefeaturesarerelatively low. However, they arenot designedfor highly-correlated,directly-
sensed,high-dimensionaldatasuchas imagesandvideo. Further, the elementsin sucha high-dimensionalvector
arehighly correlated,sincepixels arehighly correlated.The SHOSLIFtreeis for high input dimensionandhasan
incrementalversion,[18], but it usesPCA for the splits. It is technicallychallengingto incrementallyconstructa
classi�cationor regressiontreethat usesdiscriminantanalysisdueto the complex natureof the probleminvolved.

B. Regressionrequirements

With the demandof online, real-time,incremental,multi-modality learningwith high-dimensionalsensingby an
autonomouslylearningembodiedagent,we requirea generalpurposeregressiontechniquethat satis�es all of the
following seven (7) challengingrequirements:

1) It must take high-dimensionalinputswith very complex correlationbetweencomponentsin the input vector
(e.g., an imagevector hasover 5000 dimensions).Someinput componentsare not relatedto output at all
(e.g.,posterson a wall arenot relatedto navigation).

2) It must perform one-instancelearning.An event representedby only a single input sensoryframe must be
learnedandrecalled.Thus,iterative learningmethods,suchasback-propagationlearning,arenot applicable.

3) It must adapt to increasingcomplexity dynamically. It cannothave a �x ed numberof parameterslike a
traditionalneuralnetwork, sincethe complexity of the desiredregressionfunction is unpredictable.

4) It must deal with the local minima problem. If the tree currently being built sticks into a local minima,
the tree being built is a failed tree. In online real-time learning of open-endedautonomousdevelopment
of an agent,such a failed casemeansthat the agent failed to develop normally. Traditionally, a variety
of engineeringmethodshave beenusedto alleviate the problem of local minima, e.g., (a) simultaneously
keepingmultiple networks, eachstartingwith a different randominitial guess,andonly the bestperforming
network is selected,(b) simulatedannealing,and (c) evolutionarycomputation.However, thesemethodsare
not applicableto real-timeonline developmentwhereevery systemmustdevelop normally.

5) It must be incremental.The input must be discardedas soon as it is usedfor updatingthe memory. It is
impossibleto save all the training samplessincethe spacerequiredis too large.

6) It mustbeableto retainmostof the informationof the long-termmemorywithout catastrophicmemoryloss.
However, it mustalsoforget andneglect unrelateddetailsfor memoryef�ciency andgeneralization.With an
arti�cial network with back-propagationlearning,the effect of old sampleswill be lost if thesesamplesdo
not appearlater.

7) It must have a very low time complexity in computingand updatingso that the responsetime is within a
fraction of secondfor real-time learning,even if the memory size has grown very large. Thus, any slow
learningalgorithmis not applicablehere.Of course,the entiretreeconstructionprocesscanextendto a long
time period.

Someexisting arti�cial neuralnetworks cansatisfysomeof the above requirements,but not all.
For example,considerfeedforward neuralnetworks with incrementalback-propagationlearning.They perform

incrementallearningandcanadaptto the latestsamplewith a few iterations(not guaranteeto �t well), but they do
not have a systematicallyorganizedlong-termmemory, andthus,early sampleswill be forgottenin later training.
Cascade-CorrelationLearningArchitecture[19] improvesthemby addinghiddenunitsincrementallyand�xing their

1This correspondsto a well-acceptedandhighly successfulapproachcalledtheappearance-basedapproach,with which thehumansystem
designerdoesnot de�ne featuresat all but ratherappliesstatisticalmethodsdirectly to high-dimensional,preprocessedimageframes,as
seenin the work of [14], [15], [16] and,[17].
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weightsto becomepermanentfeaturedetectorsin the network. Thus, it addslong-termmemory. Major problems
for theminclude the high-dimensionalinputsand local minima.

We presentIHDR to dealwith the above 7 requirementsaltogether, which is a very challengingtaskof design.
Further, we deal with the unbalancedsampleproblemin that someregions of input spacehave a large number
of samples,while other regions have sparsesamples.A sample-sizedependentlikelihood measureis proposedto
make suboptimaldecisionsfor differentsamplesizes,which is critical for anincrementalalgorithm;it mustperform
reasonablywell while beingconstructed.We presentexperimentalresultsthat demonstratethe performanceof the
new IHDR techniqueandcompareit with somemajor publishedmethods.

I I . THE IHDR METHOD

We �rst discussbrie�y classi�cation andregression.

A. Uni�cation of classi�cation and regression

The tasks of discriminant analysiscan be categorized into two types accordingto their output: class-label
(symbolic) output and numerical output. The former caseis called classi�cation and the latter caseis called
regression.A classi�cation taskcanbe de�ned as follows.

De�nition 1: Given a training sampleset L = f (x i ; l i ) j i = 1; 2; : : : ; ng, wherex i 2 X is an input (feature)
vectorand l i is thesymboliclabelof x i , theclassi�cationtaskis to determinetheclasslabelof any unknown input
x 2 X .

A regressiontask is similar to the correspondingclassi�cation one,except that the classlabel l i is replacedby
a vectoryi in the outputspace,yi 2 Y; i = 1; 2; : : : ; n. The regressiontaskcanbe de�ned as follows.

De�nition 2: Given training set L 0 = f (x i ; yi ) j i = 1; 2; : : : ; ng and any testingvector x 2 X , the regression
task is to estimatethe vectory(x) 2 Y from x 2 X .

Regressiontasksare very common.As long as the output of the systemneedsto control effectors that take
gradedvalues,the learningproblemis regression.Examplesinclude motors,steeringwheels,brakes,and various
machinesin industrialsettings.The biological cortex alsoperformsregression.

In a classi�cationproblem,the classlabelsthemselvesdo not provide informationin termsof how differenttwo
classesare.Any two differentclassesare just different,althoughsomemay differ morethanothersin the original
application.This is not the samefor a regressionproblem.Any two different regressionoutputvectorshave their
naturaldistance.

Furthermore,we cancasta classi�cationprobleminto a regressive oneso that we canconvenientlyform coarse
classesby merging someoriginal classes.Thesecoarseclassesareusefulfor performingcoarse-to-�neclassi�cation
andregressionusinga decisiontree,aswe will explain later in this paper.

The biological cortex doesonly regression,not classi�cation per se. In the applicationspresentedlater in this
paper, we usedthe IHDR regressorto deal with both regression(e.g., navigation) and classi�cation (e.g., face
recognition).For the purposeof understanding,here we outline three ways to cast a classi�cation task into a
regressionone.More detail is available in [11].

1) Canonical mapping. Map n class labels into an n-dimensional output space.For the i -th class, the
correspondingoutputvectoryi is ann-dimensionalvectorwhich has1 asits i -th componentandall theother
componentsare zero.For incrementallearning,this methodhasa limitation sincethe maximumnumberof
classesis limited to n.

2) Embeddingcostmatrix. If a costmatrix [cij ] is available,then classlabelscanbeembeddedinto an (n � 1)-
dimensionaloutput spaceby assigningvectoryi to classi , i = 1; 2; : : : ; n, so that jjyi � yj jj is as closeto
cij , the costof confusingclassesi and j , aspossible.This processis not alwayspracticalsincea pre-de�ned
costmatrix [cij ] is not alwayseasyto provide. This alsomeansthat the numberof classesis limited for the
incrementallearningcase.

3) Classmeansin input space.Eachsample(x ij ; l i ) belongingto class l i is convertedto (x ij ; yi ), whereyi ,
the vector classlabel, is the meanof all x ij that belong to the sameclassl i . In the incrementallearning,
the meanis updatedby using an amnesicaverageas describedin SectionIII-F. This is often a desirable
methodsincethe distancein the output spaceis closely relatedto the distancein the input space.In all of
the classi�cation experimentspresentedlater, we usedthis mapping.
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On the otherhand,onecannotmapa numericoutputspaceinto a setof classlabelswithout losing the numeric
propertiesamongan in�nite numberof possiblenumericalvectors.Therefore,a regressionproblemis moregeneral
thanthe correspondingclassi�cation problem.

B. Technical motivation

In theremainderof this paper, we considera generalregressionproblem:incrementallyapproximatinga mapping

h : X 7! Y

constructedfrom a set of training samplesf (x i ; yi ) j x i 2 X ; yi 2 Y; i = 1; 2; : : : ; ng. By incremental
approximation,we meanthat the incrementaldeveloperd takesthe previous mappingh(i � 1) andinput the sample
(x i ; yi ) to producethe updatedmappingh(i ) :

h(i ) = d(h(i � 1) ; x i ; yi )

for i = 1; 2; :::.
With the high-dimensionalinput spaceX , many componentsare not related to the desiredoutput at all. A

straightforward nearestneighborclassi�er, using the Euclideandistancein X space,will fail miserably. Fig. 1
illustratesa 2-D example.Fig. 1(a)shows the decisionboundaryof the straightforwardnearestneighborrule called
the Voronoi diagram. Its error rate is high (about50%) asshown in Fig. 1(c). If the discriminatingfeature,X 1 in
this example,is detectedanda nearestneighborclassi�er is usedin this discriminatingsubspace(1-D), the error
rate is drasticallysmallerasshown in Fig. 1(d).

1X

X 2

1X

X 2

(a)

(c)

1X

X 2

1X

X 2

(b)

(d)

Fig. 1. The importanceof �nding thediscriminatingfeatures.(a) The trainingsamplesaremarkedassmall circles.Thecolors
indicate the correspondingoutput. The Voronoi diagramis shown by line segments.(c) A large classi�cation error resulted
from thestraightforwardnearestneighborclassi�er. Misclassi�edareasaremarkedby a darkshade.(b) Only thediscriminating
featureX 1 is usedby the nearestneighborrule. (d) Misclassi�ed areasof nearestneighborrule using X 1 only, which are
smallerthan(c).

The phenomenonillustratedin Fig. 1 becomesmore severe in high-dimensionalspacebecausethereare more
dimensions(like X 2) that distract the Euclidian distanceusedby the nearestneighborclassi�er. Therefore,it is
necessaryto automaticallyderive discriminatingfeaturesby the regressor.

If yi , in the incrementallyarriving training samples(x i ; yi ), is a classlabel,we could usethe lineardiscriminant
analysis(LDA) as in [20]'s work sincethe within-classscatterandbetween-classscattermatricesare all de�ned.
Unfortunately, if eachclass has a small number of training samples,the within-class scattermatrix is poorly
estimatedandoften degenerate,andthus,the LDA is not very effective. If the classi�cationproblemis castinto a
regressionone,it is possibleto form coarseclasses,eachhaving moresamples,which enablesa betterestimation
of the within-classscattermatrix. However, if yi is a numericaloutput,which can take any value for eachinput
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component,it is a challengeto �gure out an effective discriminantanalysisprocedurethat can disregard input
componentsthat areeither irrelevant to outputor contribute little to the output.

Sucha challengebecomesintertwinedwith other challengeswhen a discriminantanalysismust be performed
incrementally, in a sensethat samplesareprovided oneat a time and the mappingapproximatormustbe updated
for eachtraining sample.

With thesechallengesin mind,we introduceanew hierarchicalstatisticalmodelingmethod.Considerthemapping
h : X 7! Y, which is to be approximatedby a regressiontreecalledan IHDR treefor the high-dimensionalspace
X . Our goal is to automaticallyderive discriminatingfeatures,althoughno classlabel is available(other thanthe
numericalvectorsin spaceY). In addition,for the real-timerequirement,we mustprocesseachsample(x i ; yi ) to
updatethe IHDR treeusinga minimal amountof computation.

C. Outline

For notationsimplicity, we considera completetreewhereeachnodehasq-children,and the treehasL levels.
Thus,the treehasql nodesat level l with theroot at l = 0. Mathematically, thespaceY is incrementallypartitioned
into ql mutually non-intersectingregionsat level l :

Y = Yl ;1 [ Yl ;2 [ � � � [ Yl ;ql

l = 1; 2; :::; L , whereYl ;i \ Yl ;j = � if i 6= j: The partitionsarenested.That is, the region Yl ;j at level l is further
partitionedinto q regionsat level l + 1:

Yl ;j = Yl+1 ;(j � 1)q+1 [ Yl+1 ;(j � 1)q+2 [ � � � [ Yl+1 ;j q (1)

for j = 1; 2; :::; ql . Denotethe centerof region Yl ;j by a vector �yl ;j computedasthe meanof the samplesin region
Yl ;j . Thesubregionsf Yl+1 ;(j � 1)q+1 ; Yl+1 ;(j � 1)q+2 ; :::; Yl+1 ;j qg of Yl ;j arethe Voronoi diagramof thecorresponding
centers

f �yl+1 ;(j � 1)q+1 ; �yl+1 ;(j � 1)q+2 ; :::; �yl+1 ;j qg

at level l + 1.
Given any training samplepair (x; y), its label at level l is determinedby the locationof y in Y. If y 2 Yl ;j for

somej , then x hasa label j at level l . Among all the samplepairs in the form (x; y), all the x 's that sharethe
samelabel j at level l form the j th x-clusterat level l , representedby the center�x l ;j .

In reality, theIHDR treeis updatedincrementallyfrom arriving trainingsamples(x i ; yi ). Therefore,it is typically
not a completetree.

D. Doubleclustering

Eachinternalnodeof the IHDR treeincrementallymaintainsy-clustersandx-clusters,asshown in Fig. 2. There
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Fig. 2. The Y-clustersin spaceY andthe correspondingx-clustersin spaceX . The numberof eachsampleindicatesthe time
of arrival.

area maximumof q (e.g.,q = 20) clustersof eachtype at eachnode.
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Fig. 3. The discriminatingsubspaceof the IHDR tree disregardscomponentsthat are not relatedto outputs.In the �gure,
the horizontalcomponentis a componentin the input space,but is irrelevant to the output.The discriminatingfeaturespace,
the linear spacethat goesthroughthe centersof the x-clusters(representedby a vertical line), disregardsthe irrelevant input
components.The numberof eachsampleindicatesthe time of arrival.

Mathematically, theclusteringof X of eachnodeis conditionedon theclassof Y space.Thedistribution of each
x-clusteris theprobabilitydistribution of randomvariablex 2 X conditionedon randomvariabley 2 Y. Therefore,
the conditionalprobability densityis denotedasp(xjY 2 ci ), whereci is the i -th y-cluster, i = 1; 2; :::; q.

The q y-clustersdeterminethe virtual classlabel of eacharriving sample(x; y) basedon its y part. The virtual
classlabel is usedto determinewhich x-clustertheinput sample(x; y) shouldupdateusingits x part.Eachx-cluster
approximatesthe samplepopulationin the X spacefor the samplesthat belongto it. It may spawn a child node
from the currentnodeif a �ner approximationis required.The incrementalupdatingis donein the following way.
At eachnode,y in (x; y) �nds the nearesty-clusterin Euclideandistanceand updates(pulling) the centerof the
y-cluster. This y-cluster indicatesto which correspondingx-cluster the input (x; y) belongs.Then, the x part of
(x; y) is usedto updatethe statisticsof the x-cluster(the meanvector and the covariancematrix). The statistics
of every x-clusterarethenusedto estimatethe probability for the currentsample(x; y) to belongto the x-cluster,
whoseprobability distribution is modeledasa multi-dimensionalGaussianat this level. In otherwords,eachnode
modelsa region of the input spaceX usingq Gaussians.EachGaussianwill be modeledby moresmall Gaussians
in the next tree level if the currentnodeis not a leaf node.

Moreover, the centersof thesex-clustersprovidesessentialinformationfor discriminatingsubspace,sincethese
x-clustersare formed accordingto the virtual labels in the Y space.We de�ne the most discriminatingfeature
(MDF) subspaceD as the linear spacethat passesthroughthe centersof thesex-clusters.A total of q centersof
the q x-clustersgive q � 1 discriminatingfeatureswhich span(q � 1)-dimensionaldiscriminatingspaceD.

Why is it calledthemostdiscriminatingspace?For example,supposethat therearetwo componentsin the input,
onecontainssignalsrelevant to outputs,andthe other is irrelevant to the outputasshown in Fig. 3. Although the
latter componentcontainsinformationprobablyusefulfor otherpurposes,it is “noise” asfar asthe regressiontask
is concerned.Becausethe centersof the x-clustershave similar coordinatesin the “noise” directionand different
coordinatesin the signaldirection,the derived discriminatingfeaturesubspacethat goesthroughthe centersof the
x-clusterssuccessfullycatchesthe signal componentanddiscardsthe “noise” component,as illustratedin Fig. 3.
Otherdirectionsarenot asgoodastheMDF direction.Of course,an irrelevantcomponentcanbein any orientation
and doesnot have to be along an input axis. The presentedtechniqueis a generaltechnicalthat dealswith any
orientation.

E. Adaptivelocal quasi-invariance

Whenhigh-dimensionalinputvectorsarerepresentedby vectors(clusters)in lowerdimensionalfeaturesubspaces,
the power of featuresin disregardingirrelevant factorsin the input as discussedabove is displayedas invariance
in the regressor's output.

IHDR is typically usedto classify a temporalseriesof input samples,whereconsecutive input framesare not
totally irrelevant (e.g.,during trackingof an object).Supposethat input samples(x; y) are received consecutively
in time, wherex is the input observationandy is thedesiredoutput.Theconsecutive vectorsx(t) andx(t + 1) may
correspondto an imageof a tracked object (e.g.,moving away, moving along a direction, rotating,deformation,
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(a)

(b)

Fig. 4. Automatically sort out a temporal“mess” for local quasi-invariance.A sign, � ; j; � or + , indicatesan input sample
(x; y), whoseposition indicatesthe position of x in the input spaceX andwhosesign type indicatesthe correspondingy in
the output spaceY. Input samplesare observed but are not storedin the IHDR tree. (a) A “mess” of temporaltransitions:
A 2-D illustration of many-to-many temporaltrajectoriesbetweensamples(consecutively �ring neuronpatterns).(b) Cleaner
transitionsbetweenfewer primitive prototypes(blackcircles),enabledby IHDR. Thethick dashedcurve indicatesthenonlinear
partitionof the input space,X , by thegrandparent(internalnode).Thetwo thin dashedcurvesindicatethenext-level nonlinear
partition by its two children(internalnodes).The two thick straightlines denotethe mostdiscriminatingsubspacesof the two
children,respectively. The spreadof samplesin the directionorthogonalto the solid line representsmany typesof variations.
A solid black cycle indicatesa primitive prototype(context state)in oneof the four leaf nodes.An arrow betweentwo states
indicatesobserved temporaltransitions.

facialexpression,lighting changes,etc).Invariancein classi�cationrequiresthat theclassi�er classi�esthedifferent
inputs (e.g., views) of the tracked object as the sameobject.This kind of quasi-invarianceis adaptive and local.
By adaptive, we meanthat the quasi-invarianceis derived from sensorimotorexperience(i.e., the (x; y) pairs),not
hand-designed.By local, we meanthat the quasi-invarianceis applicableto a local manifold in the input space,
not the entire input space.By quasi,we meanthat the invarianceis approximate,but not absolutelytrue.

In the literature,therehasbeenno systematicmethodsthat can effectively detail with all kinds of local quasi-
invariancein an incrementallearningsetting.For example, if we comparetwo vectorsusing Euclidian distance
kx(t + 1) � x(t)k, the variationof every pixel valuewill be summedin sucha distance.

The mostdiscriminatingfeaturesubspacederivedusingtheabove methodcanacquiresuchadaptive local quasi-
invariance.Supposethat a seriesof training samplesare received by the IHDR tree (x t ; yt ), t = 1; 2; :::;. For
simplicity, we assumethat the output yt takes only four valuesa1, a2, a3 and a4, representedby four different
signs in Fig. 4. Becauseof the variationsthat are irrelevant to the output, the trajectory of x 1; x2; ::: shown in
Fig. 4(a) is a mess.That is, thereis no clearly visible invariance.

The labelsgeneratedby the y-clustersallow x-clustersto be formedaccordingto output.In eachinternalnode,
the most discriminatingsubspaceis created,shown as thick line segmentsin Fig. 4(b). Irrelevant factorswhile
an object is tracked,suchassize,position,orientation,deformation,lighting, areautomaticallydisregardedby the
featuresubspace.Thereis no needto hand-modelwhat kind of physicalinvariancethat the trackedobjectexhibits.
This is a signi�cant advantageof suchinternally generatedrepresentation(hierarchicalfeaturesubspaces).In each
leaf nodeof the IHDR tree,thesesamplesarenot stored.They participatein the amnesicaverageof the primitive
prototypesin the leaf node.As shown in Fig. 4(b), due to the nonlineardecisionboundariesdeterminedby the
parents,not many primitive prototypesareneededin a leaf nodeif the leaf nodeis pure(samplesarefrom a single
y-cluster).
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F. Clusters as observation-drivenstates

Whenthe IHDR is usedto generateactionsfrom a seriesof temporallyrelatedinput vectorsf x 1; x2; :::; x t ; :::g,
thex-clusterthat IHDR treevisited at time t = i is usefulasa (context) stateof thesystemat time t = i + 1. From
Fig. 4(b) we can seethat the transitiondiagramsamongthe primitive prototypes(i.e., context states)are similar
to a traditionalMarkov DecisionProcess(MDP). However, this is an Observation-drivenMarkov DecisionProcess
(OMDP) asdiscussedin [21]. The major differencesbetweenthe OMDP anda traditionalMDP include:

1) The statesin OMDP areautomaticallygeneratedfrom sensoryinputs, i.e., observation-driven.The statesin
a traditionalMDP arebasedon the hand-constructedmodelabouta known task.

2) Thestatesin OMDP arevectorswithout speci�ed meanings(i.e., distributednumericalrepresentation),while
thosein a traditionalMDP aresymbolswith hand-assignedmeanings(i.e., atomicsymbolic representation).

3) Thenumberof statesin OMDP is fully automaticallydetermined.Thenumberof statesin a traditionalMDP
is hand-selected.

4) The statesin OMDP are adaptive local quasi-invariant in the most discriminatingfeaturesubspaces,while
statesin a traditionalMDP arenot necessarilyso.

5) The OMDP is supportedby the hierarchy of most discriminating subspacesin IHDR which is fully
automaticallyand incrementallyconstructed,while that for a multilevel traditionalMDP is hand-designed.

Thesepropertiesare necessaryfor automaticallygeneratinga task-speci�c (or context-speci�c) internal represen-
tation throughexperiences,but during the programmingtime the programmerof IHDR doesnot know what tasks
that the systemwill endup learninglater, asdiscussedin [13].

G. Biological view

Fig. 5 illustratesan IHDR tree. Each node in the IHDR tree correspondsto a cortical region. The spaceX ,
representedasd-dimensionalvectors,is �rst partitionedcoarselyby the root. The root partitionsthe spaceX into
q subregions(q = 4 in the �gure), eachcorrespondsto oneof its q children.Eachchild partitionsits own smaller
region into q subregions again.Such a coarse-to-�nepartition recursively divides input spaceinto increasingly
small input regionsthroughthe learningexperience.Theq neurons(calledx-clusters)in eachnodecorrespondto q
featuredetectors.With incrementallyarriving input vectors(x i ; yi ), theseq neuronsperformcompetitive incremental
updatesfor thesey-clustersandx-clusters.If a leaf nodehasreceivedenoughsamples,it spawnsq children.In the
leaf node,a collectionof micro-clustersin the form (x i ; yi ) arekept.

If x is given, but y is not, a searchprocessis carriedthroughthe IHDR tree until a leaf nodeis reached.The
algorithm �nds the nearestneighborx i of x amongthe micro-clustersof the form (x i ; yi ) in the leaf node.The
correspondingyi in (x i ; yi ) is the estimatedoutput:yi = h(x).

I I I . THE IHDR ALGORITHM

The algorithm incrementallybuilds an IHDR tree from a sequenceof training samples(x t ; yt ); t = 0; 1; 2; :::.
The deepera nodeis in the tree,the smallerthe variancesof its x-clusters.Whenthe numberof samplesin a node
is too small to give a goodestimateof the statisticsof q x-clusters,this nodeis a leaf node.

The modeof IHDR programis run as follows.
Procedure 1: IHDR Algorithm. Initialize root. For t = 0; 1; 2; :::, do the following:
� Grab the currentsample(x t ; yt ).
� If yt is given, call update-tree(root,x t , yt ), otherwisecall compute-response(root,x t , y) andoutputy.

The following sectionsexplain proceduresupdate-treeandcompute-response.

A. Updatetree

The following is the incrementalalgorithm for updatingthe tree. Given the root of the tree and the training
sample(x; y), updatethe tree using a single training sample(x; y). Eachcall to update-treemay grow the tree.
Thisprocedurehandlesadaptivecorticalplasticity(treelayers).Thesystemparameters:q is thenumberof maximum
childrenfor eachinternalnode.bs is the numberof samplesneededper scalarparameter(e.g.,bs = 20).

Procedure 2: Update-tree(root, x, y).
1) Initialization. Let A be the active nodewaiting to be searched.A is initialized to be the root.
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+

Fig. 5. Illustration of an IHDR tree incrementallydeveloped(self-organized)from learningexperience.The sensoryspace
is representedby sensoryinput vectors,denotedby “+”. The sensoryspaceis repeatedlypartitionedin a coarse-to-�neway.
The upperlevel andlower level representthe samesensoryspace,but the lower level partitionsthe space�ner thanthe upper
level does.An ellipse indicatesthe spacefor which the neuronat the centeris responsible.Eachnode(cortical region) hasq
featuredetectors(neurons)(q = 4 in the �gure), which collectively determineto which child node(cortical region) the current
sensoryinput belongs(excites).An arrow indicatesa possiblepathof the signal �o w. In every leaf node,prototypes(marked
by “+”) arekept, eachof which is associatedwith the desiredmotor output.

2) Treesearch.While A is not a leaf node,do the following.

a) Compute response.Compute the responsefor all neuronsin A from input x, by computing the
probabilitiesdescribedin SubsectionIV-C. That is, the responseof a node(neuron)is the probability
for x to belongto the input region representedby the node.

b) Compete.Among maximumof q neuronsin A, the neuronthat hasthe maximumresponsewins.
c) The child of A that correspondsto the winning neuronis setas the new A, the next active node.

3) If A is an internal nodeand is marked as plastic, updateA by calling update-note(A; x; y) to updatethe
partition of the region that A represents.

4) If A is a leaf node,updatethe matchedmicro-clusterof A by calling update-cluster-pair(C; x; y), whereC
is the setof all micro-clustersin A.

5) If A is a leaf node,spawn if it necessary:For the leaf nodeA, if thenumberof samples,n, received is larger
than a thresholdautomaticallycomputedbasedon NSPP= 2(n � q)=q2 > bs to be explainedlater, turn A
into an internalnodeandspawn q leaf nodesasq childrenof A by distributing the micro-clustersof A into
its children.
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As indicatedabove,aninternalnodeis markedasplasticor non-plastic.A plasticinternalnodemayallow signi�cant
changesin its region's partition which may imply that many previous sampleswere incorrectly allocatedto its
subtreesaccordingto the new partition.Therefore,every internalnodeis marked plasticuntil it hasspawn l levels
of nodes(e.g., l = 2).

B. Updatenode

The above procedureupdate-nodein the update-treeis explainedbelow. Given a nodeN anda training sample
(x; y), it updatesthe nodeN using (x; y). This procedurehandlesadaptive plasticity for cortical patches(within a
treenode).

Procedure 3: Update-node(N ; x; y).

1) Updatey-clusters.Let c be thesetof y-clustersin nodeN . Updatey-clustersby calling update-clusters(y; c),
which returnsthe index i of the closetclusteryi .

2) Updatethe i -th x-clusterassociatedwith yi . That is, updatethe meanof the x-clusterusing x, employing
amnesicaverageto be explainedlater in SectionIII-F.

3) Updatethe subspaceof the most discriminatingfeaturesof the nodeN , since the i -th x-clusterhas been
updated.

C. Updateclusters

The above procedurerequiresthe procedureupdate-clusters.Given sampley and the set of clustersc = f y i j
i = 1; 2; :::; ng, the procedure,update-clusters,updatesthe clustersin c. This procedureis partially responsiblefor
handlingadaptive plasticity for neurons(clusters).Theparametersinclude:q is theboundon thenumberof clusters
in the setc; � y > 0 is the resolutionin the outputspaceY.

Procedure 4: Update-clusters(y; c).

1) Find the nearestneighboryj in the following expression

j = argmin1� i � n fk yi � ykg;

whereargmin denotesthe argumentj that reachesthe minimum.
2) If n < q and ky � yj k > � y (to prevent very similar or even the samesamplesto form different cluster

centers),incrementn by one,setnew clusteryn = y, addyn into c andreturn.Otherwise,do the following.
3) Updatea certainportion p (e.g.,p = 0:2, i.e., pulling top 20%) of nearestclustersusingthe amnesicaverage

explainedin SectionIII-F andreturn the index j .

D. Updateclusterpair

The procedureupdate-treealso requiresthe procedureupdate-cluster-pair, which is only for a leaf node.Given
a sample(x; y) and the set of clusterpairsC = f (x i ; yi ) j i = 1; 2; :::; ng in the leaf node,the procedureupdate-
cluster-pair updatesthe best matchedcluster in C. This procedureis partially responsiblefor handlingadaptive
plasticity for eachoutput neuron(micro-cluster).The parametersinclude: bl > 0 is the boundon the numberof
micro-clustersin a leaf node;� x > 0 is the resolutionin the input spaceX .

Procedure 5: Update-cluster-pair (C; x; y).

1) If n < bl andkx� x j k > � x (to preventverysimilaror eventhesamesamplesto form differentclustercenters),
incrementn by one,createa new cluster(xn ; yn ) = (x; y), add (xn ; yn ) into C, and return.Otherwise,do
the following incrementalclustering.

2) Find the nearestneighborx j in the following expression

j = argmin1� i � n fk x i � xkg:

3) Updateclusterx j by addingthe new samplex usingamnesicaverage.
4) Updateclusteryj by addingthe new sampley usingamnesicaverage.
5) Returnthe updatedC.
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E. Computeresponse

Whenthe desiredoutputy is not given, IHDR calls the procedurecompute-response.Given the root of the tree
and samplex, the procedurecompute-responsecomputesthe responseof the tree to producethe �nal output y.
The systemparametersincludeq, the numberof maximumchildrenfor eachinternalnode.

Procedure 6: Compute-response(r oot;x; y).
1) Do steps“initialization” and“tree search”the sameway asthe correspondingstepsin procedureupdate-tree,

which �nds the leaf nodeA.
2) Computethe output y. Let the setof micro-clustersin A to be c = f (x i ; yi ) j i = 1; 2; :::; ng. Find the best

matchin the input space:
j = argmin1� i � n fk x � x i kg:

Assignoutputy to be the associatedyj , i.e., y = yj , andreturn.

F. Amnesicaverage

The amnesicaverageis motivatedby the schedulingof neuronalplasticity which shouldadaptively changewith
on-goingexperience.It is alsomotivatedby themathematicalnotion of statisticalef�ciency in the following sense:
To estimatethe meanvector � of a distribution (e.g., the meanvector of observationsx t , t = 1; 2; 3; :::, as the
synapticweight vector of the neuron),the samplemeanis the most ef�cient estimatorfor a large classof time-
invariantdistributions(e.g.,exponentialdistributionssuchasGaussian).By de�nition, the mostef�cient estimator
� hasthe leastexpectederror variance,Ek� � � k2, amongall possibleestimators.However, sincethe distribution
of observations is typically not time-invariant in practice,the amnesicaverageis neededto adaptto the slowly
changingdistribution while keepingthe estimatorto be quasi-optimallyef�cient.

From the algorithm point of view, in incrementallearning,the initial centersof eachstateclustersare largely
determinedby early input data.Whenmoredataareavailable,thesecentersmove to moreappropriatelocations.If
thesenew locationsof the clustercentersareusedto judgethe boundaryof eachcluster, the initial input datawas
incorrectly classi�ed. In other words, the centerof eachclustercontainssomeearlier datathat do not belongto
this cluster. To reducethe effect of the earlierdata,the amnesicaveragecanbe usedto computethe centerof each
cluster. Theamnesicaveragecanalsotrack thedynamicchangeof the input environmentbetterthana conventional
average.

The averageof t input datax1; x2; :::; x t is given by:

�x (t ) =
1
t

tX

i =1

x i =
tX

i =1

1
t
x i : (2)

In the above expression,every x i is multiplied by a weight 1=t and the product is summed.Therefore,eachx i

receivesthe sameweight 1=t. This is calledan equallyweightedaverage.If x i arrives incrementallyandwe need
to computethe averagefor all the inputs received so far, it is more ef�cient to recursively computethe current
averagebasedon the previous average:

�x (t ) =
(t � 1)�x (t � 1) + x t

t
=

t � 1
t

�x (t � 1) +
1
t
x t : (3)

In otherwords,the previous average�x (t � 1) getsa weight (t � 1)=t andthe new input x t getsa weight 1=t. These
two weightssum to one.The recursive equationEq. (3) gives an equally weightedaverage.In amnesicaverage,
the new input getsmoreweight thanold inputsasgiven in the following expression:

�x (t ) =
t � 1 � �

t
�x (t � 1) +

1 + �
t

x t : (4)

where� � 0 is an amnesicparameter. The two weightsstill alwayssumto one.For example� = 1, which means
that the weight for the new sampleis doubled.

Theamnesicweight for thenew data(1+ � )=t will approachzerowhent goesto in�nity . This meansthatwhen
t grows very large without bound,the new datawould hardly be usedand thus the systemwill hardly adapt.We
would like to enable� to changedynamically. Thus,we denote� as � (t).
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We usetwo transitionpoints,t1 and t2. When t � t1, we like to let � (t) = 0 to fully usethe limited data.When
t1 < t � t2, we let � changelinearly from 0 to c (e.g.,c = 1). When t2 < t , we let � (t) to grow slowly and its
growth rategraduallyapproaches1=m. The above discussionleadsto the following expressionfor � (t):

� (t) =

8
<

:

0 if t � t1

c(t � t1)=(t2 � t1) if t1 < t � t2

c + (t � t2)=m if t2 < t

Sincelim t !1 (1+ � (t))=t = 1=m, whent grows without bound,the weight for thenew datax(t) is approximately
the sameasthatof the non-amnesicaveragewith m datapoints.Sucha growing � (t) enablesthe amnesicaverage
to track the non-stationaryrandominput processx t , whosemeanchangesslowly over time.

The updateexpressionfor incrementallycomputingsamplecovariancematrix is as follows:

� (t )
x =

t � 1 � � (t)
t

� (t � 1)
x +

1 + � (t)
t

(x t � �x (t ) )(x t � �x (t ) )> (5)

The amnesicfunction � (t) changeswith t aswe discussedabove.
Note that the above expressionassumest degreesof freedom,insteadof t � 1 in the batchcomputationof the

samplecovariancematrix, for the following reason:Even with a single samplex1, the correspondingcovariance
matrix shouldnot be estimatedas a zero vector, sincex1 is never exact if it is measuredfrom a physicalevent.
For example,the initial variancematrix � (1)

x canbe estimatedas � 2I , where � 2 is the expecteddigitization noise
in eachcomponentand I is the identity matrix of the appropriatedimension.

This is the archival journal versionof IHDR which explains IHDR in its entiretywith signi�cant new material.
IHDR hasbeenusedin severalapplicationsasa component,wherethe presentationsof the IHDR partwerepartial
and brief. IHDR was usedfor vision-basedmotion detection,object recognition(appearanceclassi�cation), and
size dependentaction (appearanceregression)in [22]. IHDR was usedfor recognitionof hand-writtennumerals
anddetectionof orientationof naturalimagesin [23].

IV. DISCRIMINATING SUBSPACE AND OPTIMAL CLASS BOUNDARY

Each internal node automaticallydrives the subspaceof the most discriminatingfeatures(MDF) for superior
generalization.The MDF subspaceis tunedto eachinternal nodefor characterizingthe samplesassignedto the
node.For our partition purpose,eachchild of the internalnoderepresentsa class.Probability-basedoptimal class
boundaryis neededto partition the input spaceof the internalnode,basedon the MDF subspace.

A. Discriminatingsubspace

Due to a very high input dimension(typically at leasta few thousand),for computationalef�ciency, we should
not representdata in the original input spaceX . Further, for bettergeneralizationcharacteristics,we shoulduse
discriminatingsubspacesD in which input componentsthat are irrelevant to outputaredisregarded.

We �rst considerx-clusters.Eachx-clusteris representedby its meanas its centerandthe covariancematrix as
its size.However, sincethe dimensionof the spaceX is typically very high, it is not practicalto directly keepthe
covariancematrix. If the dimensionof X is 3000, for example,eachcovariancematrix requires3000� 3000=
9; 000; 000 numbers!We adopta moreef�cient methodthat usessubspacerepresentation.

As explainedin SectionII-A, eachinternalnodekeepsup to q x-clusters.The centersof theseq x-clustersare
denotedby,

C = f c1; c2; :::; cq j ci 2 X ; i = 1; 2; :::; qg: (6)

The locationsof theseq centerstell us the subspaceD in which theseq centerslie. D is a discriminatingspace
sincethe clustersare formedbasedon the clustersin outputspaceY.

The discriminatingsubspaceD can be computedas follows. Supposethat the numberof samplesin cluster
i is n i and thus the grand total of samplesis n =

P q
i=1 n i . Let �C be the meanof all the q x-cluster centers.

�C = 1
n

P q
i=1 n i ci . The setof scattervectorsfrom their centersthencanbe de�ned assi = ci � �C, i = 1; 2; :::; q.

Theseq scattervectorsare not linearly independentbecausetheir sum is equalto a zerovector. Let S be the set
that containsthesescattervectors:S = f si j i = 1; 2; :::; qg. The subspacespannedby S, denotedby span(S),
consistsof all the possiblelinear combinationsfrom the vectorsin S, asshown in Fig. IV-A.
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Fig. 6. The linearmanifold representedby �C + span(S), thespannedspacefrom scattervectorstranslatedby thecentervector
�C.

The orthonormalbasis a1; a2; :::; aq� 1 of the subspacespan(S) can be constructedfrom the radial vectors
s1; s2; :::; sq using the Gram-Schmidt Orthogonalization(GSO)procedure:

Procedure 7: GSO Procedure . Given vectors s1; s2; :::; sq� 1, compute the orthonormal basis vectors
a1; a2; :::; aq� 1.

1) a1 = s1=ks1k.
2) For i = 2; 3; :::; q � 1, do the following:

a) a0
i = si �

P i � 1
j =1 (sT

i aj )aj :
b) ai = a0

i =ka0
i k.

In the above procedure,a degeneracy occursif the denominatoris zero. In the �rst step,the generacy meanss1

is a zero vector. In the remainingsteps,it meansthat the correspondingvector si is a linear combinationof the
previousradialvectors.If a degeneracy occurs,thecorrespondingsi shouldbediscardedin thecomputationfor the
basisvectors.The numberof basisvectorsthat canbe computedby the GSOprocedureis the numberof linearly
independentradial vectorsin S.

Given a vectorx 2 X , we cancomputeits scatterpart s = x � �C. Then computethe projectionof x onto the
linear manifold by f = M T s, whereM = [a1; a2; : : : ; aq� 1]. We call the vector f the discriminatingfeaturesof
x in the linear manifold S. The meanand the covarianceof the clustersare thencomputedon the discriminating
subspace.

The Fisher's linear discriminantanalysisby [20] �nds a subspacethat maximizesthe ratio of between-cluster
scatterand within-cluster scatter. Since we decidedto use the entire discriminatingspaceD, we do not need
to considerthe within-cluster scatterhere in �nding D sinceprobability will be usedin de�ning distance.This
simpli�es the computationfor discriminatingfeatures.Oncewe �nd this discriminatingspaceD, we will usesize-
dependentnegative-log-likelihood(SDNLL) distanceasdiscussedin SectionIV-B to take careof the reliability of
eachdimensionin D using informationthat is richer thanthe within-clusterscatter.

B. Theprobability-basedmetrics

The subspaceof the most discriminatingfeaturesis automaticallyderived from a constraintthat the dimension
allowed is q � 1. Within this subspace,we needto automaticallydeterminethe optimal classboundariesfor every
child node,basedon the estimatedprobability distribution. Differentmodelsof probability distribution correspond
to differentdistancemetrics.

To relatethe distancemetricswith the responseof neurons,we model the responseof a neuronfrom an input
x asg(1=d(x; c)) whered(x; c) is distancefrom x andthe centervectorc (i.e., the synapticvector)of the neuron,
andg is a smoothsigmoidalnonlinearfunction.

Let us considerthe negative-log-likelihood(NLL) de�ned from Gaussiandensityof dimensionq � 1:

G(x; ci ) =
1
2

(x � ci )T � � 1
i (x � ci ) +

q � 1
2

ln(2� ) +
1
2

ln(j� i j): (7)



15

We call it GaussianNLL for x to belong to the cluster i . ci and � i are the cluster sample mean and
samplecovariancematrix, respectively, computedusingthe amnesicaveragein SectionIII-F. Similarly, we de�ne
MahalanobisNLL andEuclideanNLL as:

M (x; ci ) =
1
2

(x � ci )T � � 1(x � ci ) +
q � 1

2
ln(2� ) +

1
2

ln( j� j); (8)

E(x; ci ) =
1
2

(x � ci )T � 2I � 1(x � ci ) +
q � 1

2
ln(2� ) +

1
2

ln( j� 2I j); (9)

where� is the within-classscattermatrix of eachnode— the averageof the covariancematricesof the q clusters:

� =
1

q � 1

q� 1X

i =1

� i ; (10)

computedusing the sametechniqueof the amnesicaverage.
Supposethat the input spaceis X andthediscriminatingsubspacefor an internalnodeis D. TheEuclideanNLL

treatsall of the dimensionsin the discriminatingsubspaceD the sameway, althoughsomedimensionalitiescan
be moreimportantthanothers.It hasonly oneparameter� to estimate.Thus,it is the leastdemandingamongthe
threeNLL in the richnessof the observation required.Whenvery few samplesareavailablefor all of the clusters,
the Euclideanlikelihood is the suitedlikelihood.

The MahalanobisNLL usesthe within-classscattermatrix � computedfrom all of the samplesin all of the q
x-clusters.Using MahalanobisNLL as the weights for subspaceD is equivalent to using EuclideanNLL in the
basiscomputedfrom Fisher's LDA procedure.It decorrelatesall dimensionsand weights eachdimensionusing
a different weight. The numberof parametersin � is q(q � 1)=2, and thus, the MahalanobisNLL requiresmore
samplesthanthe EuclideanNLL.

The MahalanobisNLL doesnot treatdifferentx-clustersdifferently becauseit usesa singlewithin-classscatter
matrix � for all of theq x-clustersin eachinternalnode.For GaussianNLL, L(x; ci ) in Eq. (7) usesthecovariance
matrix � i of x-clusteri . In otherwords,the GaussianNLL not only decorrelatesthe correlationsbut alsoappliesa
differentweightat a differentlocationalongeachrotatedbasis.However, it requiresthateachx-clusterhasenough
samplesto estimatethe (q � 1) � (q � 1) covariancematrix. Thus, it is the most demandingon the numberof
observations.Note that the decisionboundaryof the EuclideanNLL and the MahalanobisNLL is linear, but by
the GaussianNLL, it is quadratic.

C. Automaticsoft transitionamongdifferent matrices

In the ominivariatetrees[24], [25], eachinternalnodeperformsbatchanalysisto chooseamongthreetypesof
splits:univariate,linearmultivariate,andnonlinearmultivariate.However, IHDR cannotperformsuchbatchanalysis,
dueto the challengeof incrementallyarrived samples.Differentdistancemetricsareneededat every internalnode
basedon the numberof available samplesin the node.Further, the transitionbetweendifferent metricsmust be
gradualandautomatic.

We would like to usethe EuclideanNLL when the numberof samplesin the nodeis small. Gradually, as the
numberof samplesincrease,the within-classscattermatrix of q x-clustersare betterestimated.Then,we would
like to usetheMahalanobisNLL. Whena clusterhasvery rich observations,we would like to usethefull Gaussian
NLL for it. We would like to make an automatictransitionwhen the numberof samplesincrease.We de�ne the
numberof samplesn i as the measurementof maturity for eachcluster i . n =

P q
i =1 n i is the total numberof

samplesin a node.
For the threetypesof NLLs, we have threematrices,� 2I , � , and � i . Sincethe reliability of the estimatesare

well indicatedby the numberof samples,we considerthe numberof scalesreceived to estimateeachparameter,
calledthe numberof scalesper parameter(NSPP),in the matrices.The NSPPfor � 2I is (n � 1)(q � 1), sincethe
�rst sampledoesnot give any estimateof the varianceandeachindependentvectorcontainsq � 1 scales.For the
MahalanobisNLL, thereare (q � 1)q=2 parametersto be estimatedin the (symmetric)matrix � . The numberof
independentvectorsreceived is n � q becauseeachof the q x-clustersrequiresa vector to form its meanvector.
Thus, thereare (n � q)(q � 1) independentscalars.The NSPPfor the matrix � is (n� q)( q� 1)

(q� 1)q=2 = 2(n� q)
q . To avoid
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the valuebecomingnegative whenn < q, we take NSPPfor � to be max
n

2(n� q)
q ; 0

o
: Similarly, the NSPPfor � i

for the GaussianNLL is 1
q

P q
i=1

2(n i � 1)
q = 2(n� q)

q2 : TableI summarizesthe resultof the NSPPvaluesof the above
derivation. The procedureupdate-treeusedNSPPfor GaussianNLL.

TABLE I

CHARACTERISTICS OF THREE TYPES OF SCATTER MATRICES

Type Euclidean� 2 I Mahalanobis� Gaussian� i

NSPP (n � 1)(q � 1) 2( n � q)
q

2( n � q)
q2

A boundedNSPP is de�ned to limit the growth of NSPP so that other matricesthat contain more scalars
can take over when there are a suf�cient number of samplesfor them. Thus, the boundedNSPP for � 2I is
be = minf (n � 1)(q � 1); nsg, wherens denotesthe soft switch point for the next, morecompletematrix to take
over. To estimatens, we considera seriesof randomvariablesdrawn independentlyfrom a distribution with a
variance� 2, theexpectedsamplemeanof n randomvariableshasanexpectedvariance� 2=(n � 1). We canchoose
a switch con�dencevalue � for 1=(n � 1). When1=(n � 1) = � , we considerthat the estimatecan take abouta
50% weight.Thus,n = 1=� + 1. As an example,let � = 0:05 meaningthatwe trust the estimatewith 50%weight
when the expectedvarianceof the estimateis reducedto about5% of that of a single randomvariable.This is
like a con�dencevalue in hypothesistestingexceptthat we do not needan absolutecon�denceanda relative one
suf�ces. We thenget n = 21, which leadsto ns = 21.

The same principle applies to Mahalanobis NLL and its bounded NSPP for � is bm =
min

n
max

n
2(n� q)

q ; 0
o

; ns

o
: It is worth noting that theNSPPfor theGaussianNLL doesnot needto bebounded,

since amongour modelsit is the best estimatewith increasingnumberof samplesbeyond. Thus, the bounded
NSPPfor GaussianNLL is bg = 2(n� q)

q2 .
How do we realizeautomatictransition?We de�ne a size-dependentscattermatrix (SDSM) W i as a weighted

sumof threematrices:
Wi = we� 2I + wm � + wg� i ; (11)

wherewe = be=b, wm = bm=b, wg = bg=b and b is a normalizationfactor so that thesethreeweightssum to 1:
b = be + bm + bg. Using this size-dependentscattermatrix Wi , the size-dependentnegativelog likelihood(SDNLL)
for x to belongto the x-clusterwith centerci is de�ned as:

L(x; ci ) =
1
2

(x � ci )T W � 1
i (x � ci ) +

q � 1
2

ln(2� ) +
1
2

ln( jWi j): (12)

With be, bm , and bg changingautomatically, (L (x; ci )) transitssmoothly through the three NLLs. It is worth
noting the relationbetweenthe LDA andSDNLL metric.The LDA in spaceD with original basis� givesa basis
� for a subspaceD0 � D. This basis� is a properly orientedand scaledversionfor D so that the within-cluster
scatterin D0 is a unit matrix, [20] (Sections2.3 and 10.2). In other words, all of the basisvectorsin � for D 0

are alreadyweightedaccordingto the within-clusterscattermatrix � of D. If D 0 hasthe samedimensionas D,
the Euclideandistancein D0 on � is equivalent to the Mahalanobisdistancein D on � , up to a global scale
factor. However, if the covariancematricesare very different acrossdifferent x-clustersand eachof them has
enoughsamplesto allow a good estimateof every covariancematrix, the LDA in spaceD is not as good as the
Gaussianlikelihoodbecausecovariancematricesof all x-clustersaretreatedthe samein the LDA, while Gaussian
likelihoodtakesinto accountsuchdifferences.TheSDNLL in (12) allows automaticandsmoothtransitionbetween
threedifferent typesof likelihood:Euclidean,MahalanobisandGaussian,accordingto the predictedeffectiveness
of eachlikelihood. Hwang & Weng [11] demonstratedthat SDNLL effectively dealswith varioussamplecases,
including small, moderate,large, andunbalancedsamples.

D. Computationalconsiderations

Due to the challengeof real-timecomputation,anef�cient non-iterative computationalschememustbedesigned
for every internalnode.
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The matrix weightedsquareddistancefrom a vectorx 2 X to eachx-clusterwith centerci is de�ned by,

d2(x; ci ) = (x � ci )T W � 1
i (x � ci ); (13)

which is the �rst term of Eq.(12).
This distanceis computedonly in (q� 1)-dimensionalspaceusingthebasisM . TheSDSMW i for eachx-cluster

is thenonly a (q� 1) � (q� 1) squaresymmetricmatrix, of which only q(q� 1)=2 parametersneedto beestimated.
Whenq = 6, for example,this numberis 15.

Given a column vector v representedin the discriminatingsubspacewith an orthonormalbasiswhosevectors
are the columnsof matrix M , the representationof v in the original spaceX is x = M v.

To computethe matrix weightedsquareddistancein Eq.(13),we usea numericallyef�cient method,Cholesky
factorization,[26] (Sec.4.2). The Cholesky decompositionalgorithm computesa lower triangularmatrix L from
W so that W is representedby W = LL T asstatedin the following procedure.

Procedure 8: Cholesky factorization:Givenann � n positive de�nite matrix A = [aij ], computelower triangular
matrix L = [l ij ] so that A = LL T .

1) For i = 1; 2; :::; n do:

a) For j = 1; 2; :::; i � 1 do:

l ij = (aij �
j � 1X

k=1

l ik l j k)=lj j ;

b) l ii =
q

aii �
P i � 1

k=1 l2ik .
With the lower triangular matrix L , we �rst computethe differencevector from the input vector x and each

x-clustercenterci : v = x � ci . The matrix weightedsquareddistanceis given by:

d2(x; ci ) = vT W � 1
i v = vT (LL T )� 1v = (L � 1v)T (L � 1v): (14)

We solve for y in the linear equationLy = v and theny = L � 1v andd2(x; ci ) = (L � 1v)T (L � 1v) = kyk2. Since
L is a lower triangularmatrix, the solution for y in Ly = v is trivial sincewe simply usethe back-substitution
methodasdescribedin [27] (page42).

Typically, many different clustersin leaf nodespoint to the sameoutput vector as the label. To get the class
label quickly, eachcluster(or sample)(x i ; yi ) in the leaf nodeof the regressiontreehasa link to label l i so that
when (x i ; yi ) is found asa goodmatchfor the unknown input x, l i is directly the outputas the classlabel. There
is no needto searchfor the nearestneighborin the outputspacefor the correspondingclasslabel.

Therefore,theincrementallyconstructedIHDR treegivesa coarse-to-�neprobabilitymodel.If we usea Gaussian
distribution to modeleachx-cluster, this is a hierarchical versionof thewell-known mixture-of-Gaussiandistribution
models:the deeperthe tree is, the more Gaussiansare usedand the �ner theseGaussiansare.At shallow levels,
the sampledistribution is approximatedby a mixture of large Gaussians(with large variances).At deeplevels, the
sampledistribution is approximatedby a mixture of many small Gaussians(with small variances).The multiple
searchpathsguidedby probability allow a samplex, that falls in-betweentwo or moreGaussiansat eachshallow
level, to explorethetreebranchesthatcontainits neighboringx-clusters.Thosex-clustersto which thesample(x; y)
has little chanceto belong to are excluded from further exploration. This resultsin the well-known logarithmic
time complex for treeretrieval: O(d logn) wheren is the numberof leaf nodesin the tree,andd is the dimension
of the input vector, assumingthat the numberof samplesin eachleaf nodeis boundedabove by a constant(e.g.,
50). See[11] for the proof of the logarithmictime complexity.

V. THE EXPERIMENTAL RESULTS

Severalexperimentswereconductedusingtheproposedincrementalalgorithm.First,we presenttheexperimental
resultsusing syntheticdata.Then we show the power of the methodusing real faceimagesas high dimensional
input vectorsfor classi�cation.For the regressionproblem,we demonstratedthe performanceof our algorithmfor
autonomousnavigation whereinput is the currentimageandoutput is the requiredsteeringsignal.
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A. For syntheticdata

The purposeof using syntheticdatais to examinethe nearoptimality potentialof our new algorithm with the
known distributionsasa groundtruth (but our algorithmdoesnot know the distribution).

The syntheticexperimentpresentedhere is for 3-D, where the discriminatingspaceD is 2-D. There were 3
clusters,eachbeing modeledby a Gaussiandistribution with means,respectively, (0; 0; 0), (5; 0; 0), (0; 5; 0) and
covariancematrices 2
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Thereare500 samplesper classfor training andtesting,respectively.
Fig. 7 plots thesesamplesin (x1; x2) plane,along with the decisionboundariesfrom � ve types of distance

metrics:(1) TheBayesianground-truthdecisionrule (Bayesian-GT)whereall the groundtruthsaboutdistributions
are known (i.e., the rule doesnot use samples).(2) The Euclideandistancemeasuredfrom a scalarcovariance
matrix � 2I . (3) The Mahalanobisdistanceusinga single estimatedcovariancematrix Sw . (4) The GaussianNLL
(Beyesian-Sample)usingestimatedfull samplecovariancematricesfor all clusters.(5) Our SDNLL.
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Fig. 7. Training samplesin (x1; x2) planeand the decisionboundariesestimatedby differentdistancemetrics.(a) A small-
samplecase.Lines `B': Bayesian-GT. Lines `E': Euclideandistance.Lines `G': GaussianNLL. Lines `M': Mahalanobis
distance.Lines `L': our SDNLL. (b) A large-samplecase.Note that circular markersalong the boundaryarenot samples.

Table II shows the classi�cation errorsof (1) Bayesian-GT, (2) Bayesian-Sample,and (3) the new SDNLL. It
shows that the classi�cation errorsare very similar amongall the measurements.Of course,our adaptive method
SDNLL would not be able to reachthe error ratesof the impracticalBayesian-GTand non-adaptive Bayesian-
Sampleif therearenot enoughsamplesper class.

TABLE II

ERROR RATES FOR 3-D SYNTHETIC DATA

Bayesian-GT Bayesian-Sample SDNLL
class1 7% 7.2% 4%
class2 6.8% 8.2% 4.6%
class3 1.6% 2.0% 4.8%

B. For real facedata

A critical test of the presentedalgorithm is to directly deal with high-dimensional,multi-mediadata,suchas
images,video, or speech.We presentthe results for imageshere. Each image of m rows and n columns is
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considereda mn-dimensionalvector, where eachcomponentof the vector correspondsto the intensity of each
pixel. Statisticalmethodshave beenapplieddirectly to thesevectorsof high dimension.This type of approachhas
beenvery successfulin the �eld of computervision andnow hasbeencommonlycalledappearance-basedmethods,
[15], [28] and [17]. Although appearance-basedmethodsthemselvesdo not have invariancein position,size,and
orientationwhen appliedto appearance-basedobject recognition,they have beenwell-acceptedfor their superior
performancewhen input imagesarepreprocessedimageswith roughly normalizedpositionandsize.

The�rst experimentusedfaceimagesfrom theWeizmannInstitutein Israel.Theimagedatabasewasconstructed
from 28 humansubjects,eachhaving thirty images:all combinationsof two different expressionsunder three
different lighting conditions with � ve different orientations.An example of the face imagesfrom one human
subjectis shown in Fig 9. The preprocessedimageshave a resolutionof 88� 64, resultingin a input dimensionof
5632. The taskhereis to classifyimagesinto a person's ID asclasslabel.We usedthemeanof all training images
of eachpersonas the correspondingy vector. For this classi�cation problem,a nodedoesnot spawn children as
long as it containsonly samplesof the sameclass(purenode).

Fig. 8. Face imagesfrom the WeizmannInstitute. The training imagesof one subject.3 lightings, 2 expressions,and 3
orientationsare includedin the training set.

Fig. 9. Face imagesfrom the WeizmannInstitute. The testing imagesof one subject.3 lightings, 2 expressions,and 2
orientationsare includedin the testingset.

For our disjoint test, the data set was divided into two groups: training set and testing set. The training set
contains504 faceimages.Eachsubjectcontributed18 faceimagesin the training set.The 18 imagesincludethree
different poses,threedifferent lightings, and two different expressions.The remaining336 imageswere usedfor
the testingset.Eachsubjecthad12 imagesfor testing,which includetwo differentposes,threedifferent lightings,
and two expressions.In order to presentenoughtraining samplesfor the IHDR algorithm to build a stabletree,
we arti�cially increasedthe samplesby presentingtraining samplesto the program20 times(20 epochs).TableIII
comparesdifferentappearance-basedmethods.TableIV completesa 2-fold cross-validationwith TableIII. In other
words, the test and training setsin Table III exchangetheir roles in Table IV. We used95% samplevariancein
determiningthe numberof basisvectors(eigenvectors)in the principal componentanalysis(PCA). The 95% of
varianceresultsin about98 eigenvectorswhich aremuchlessthanthatof NN (5632-D!). ThePCA organizedwith
a binary tree was fasterthan straightNN as shown in the Table III. It is the fastestalgorithm amongall of the
methodswe testedbut the performanceis worsethan thoseof the PCA andNN. The accuracy of the LDA is the
third best.Our new IHDR methodis fasterthanthe LDA andresultedin the lowesterror rate.

For comparison,we also applied the supportvector machines(SVM) by [29] to this image set. The support
vectormachinesutilizes a structuralrisk minimization principle, [30]. It resultsin a maximumseparationmargin
andthesolutiondependsonly on the trainingsamples(supportvectors)which arelocatedon thesupportingplanes.
The SVM hasbeenappliedto both classi�cation and regressionproblems.We usedthe SVM software obtained
from Royal Holloway, Universityof London,by [31], for this experiment.To avoid excessively high dimensionthat
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SVM is unabledeal with, we appliedthe PCA �rst to provide featurevectorsfor the SVM.2 The best result we
obtained,by tuning the parametersof the software, is reportedin Table III. The datashowed that the recognition
rateof the SVM with the PCA is similar to that of the PCA alone.However, the SVM with the PCA is fasterthan
the PCA. This is becausethe SVM hasmore compactrepresentationand the PCA aloneneedsto conductlinear
searchfor every training sample.However, the SVM is not suitedfor the real-time,incrementallearningthat our
applicationsrequirebecauseits training is extremely slow [32], in addition to its inferior performanceshown in
TablesIII and IV.

The error rate of the proposedIHDR algorithm was comparedwith somemajor tree classi�ers. CART of [5]
andC5.0 of [33] areamongthe bestknown classi�cation trees3. However, like mostotherdecisiontrees,they are
univariate treesin that eachinternal nodeusedonly one input componentto partition the samples.This means
that the partition of samplesis doneusinghyperplanesthat areorthogonalto oneaxis. We do not expect that this
type of tree can work well in a high dimensionalor highly correlatedspace.Thus,we also testeda more recent
multivariatetreeOC1 of [10]. We realizethat thesetreeswerenot designedfor high-dimensionalspaceslike those
from theimages.Therefore,to fully exploretheir potential,we alsotestedthecorrespondingversionsby performing
the PCA beforeusingCART, C5.0,andOC1 andcalledthemCART with the PCA, C5.0with the PCA, andOC1
with the PCA, respectively, asshown in TablesIII and IV.

Further, we comparedthe batch version of our HDR algorithm. Originally we expectedthe batch methodto
out-performthe incrementalone.However, the error rateof the IHDR treeturnedout lower thanthat of the HDR
tree for this set of data.A major reasonfor this is that the sametraining samplesmay distribute in different leaf
nodesfor the IHDR tree becausewe ran several iterationsduring training. For the batch version,eachtraining
samplecanonly be allocatedto a single leaf node.

TABLE III

THE PERFORMANCE FOR WEIZMANN FACE DATA SET 1

Method Error rate Avg. testingtime (msec)
PCA 12.8% 115

PCA tree 14.58% 34
LDA 2.68% 105
NN 12.8% 164

SVM with PCA 12.5% 90
C5.0 with PCA 45.8% 95
OC1 with PCA 44.94% 98

HDR tree 1.19% 78
IHDR tree 0.6% 74

TABLE IV

THE PERFORMANCE FOR WEIZMANN FACE DATA SET 2 (SWAPPING TRAINING AND TEST SETS FROM SET 1)

Method Error rate Avg. testingtime (msec)
PCA 15.3% 81

PCA tree 17.4% 29
LDA 9.52% 75
NN 13.5% 108

SVM with PCA 7.41% 69
C5.0 with PCA 42.3% 73
OC1 with PCA 41.5% 72

HDR tree 3.37% 56
IHDR tree 3.97% 53

2The software failed whenwe usedthe original imageinput with dimension5362.
3We have also experimentedthe samedata set using CART implementedby OC1. The performanceis signi�cantly worse than those

reportedin the Table III.
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For a large sampletest,we performedan experimenton the FERET(FaceRecognitionTechnology)faceimage
set from [34]. The FERET face imageset was developedunder the FERET project sponsoredby the US Army
ResearchLaboratory. Not all of the imagesof the FERET project were available publicly due to the need to
keep someof the test sets.We usedthe front view imagesthat were madepublicly available to us during our
participationwith blind FERETtests.It containsfaceimagesof 34 individuals,underdifferent lighting conditions
andexpressions.Eachpersonhadthreefaceimagesfor the purposeof training.The otherfaceimagewasusedfor
testing.

A facenormalizationprogramwasusedto translate,scale,androtateeachfaceimageinto a canonicalimageof
88 rows and64 columnsso that eyesare locatedat prespeci�edpositionsasshown in Fig 10.

To reducetheeffect of backgroundandnon-facialareas,imagepixelsareweightedby a numberthat is a function
of the radial distancefrom the imagecenter. Further, the imageintensity is masked by a linear function so that
the minimum and maximumvaluesof the imagesare 0 and 255, respectively. Fig 10 shows the effect of sucha
normalizationprocedure.

A summaryof comparisonis listed in Table V. Notice that the training time is measuredfor the total time to
train the correspondingsystem.The testingtime is the averagetime per query. To make a fair comparison,training
and testingtimes for the PCA are includedin C5.0 with the PCA, OC1 with the PCA, andCART with the PCA.
As shown, noneof theseexisting decisiontreescandealwith the FERETsetwell, not even the versionsthat use
the PCA as a preprocessingstep.The batchversionof the proposedalgorithm (HDR) tree sharesthe sameerror
rateasthe IHDR tree.The HDR tree is fasterthanthe IHDR in both training andtesting.This is becausewe ran
several epochsfor the IHDR treeandthe IHDR treehasmoreredundantinformation inside.

(a) (b) (c)

(e) (f) (g)

Fig. 10. The demonstrationof the imagenormalizationprocess.(a), (e) The original imagefrom the FERETdataset.(b), (f)
The normalizedimage.(c), (g) The masked image.

In orderto displayhow the IHDR treeconverges,Fig 11 shows theerror ratesvs. epochplot. Eachepochmeans
that the training set is fed into the algorithm once,one imageat a time. As can be seen,the resubstitutionerror
rateconvergesto zeroat the 5th epoch.The testingerror rate reacheszeroat 6th epoch.

C. Autonomousnavigationby a robot

All of the tasksabove are classi�cation tasks.We presentthe result for a regressiontask. Our vision-based
navigation systemacceptsan input image,X , andoutputsthe control signal,C, to updatethe headingdirectionof
thevehicle.Thenavigatorcanbedenotedby a function f thatmapstheinput imagespaceX to controlsignalspace
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TABLE V

THE PERFORMANCE OF DECISION TREE FOR THE FERET TEST

Method Error rate Time (sec)
Training Testing Training Testing

CART 10% 53% 2108.00 0.029
C5.0 41% 41% 21.00 0.030
OC1 6% 56% 2206.00 0.047

CART with PCA 11% 53% 10.89 0.047
C5.0 with PCA 6% 41% 9.29 0.047
OC1 with PCA 5% 41% 8.89 0.046

HDR tree 0% 0% 12.25 0.027
IHDR tree 0% 0% 23.41 0.041
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Fig. 11. The performanceplot of theFERETfacetest1. Theplot of error ratevs. numberof epochs.The“Resub” line means
the resubstitutionerror rate.The “Test” line representsthe testingerror rate.

C. The learningprocessof the autonomousnavigation problemcan then be realizedas a function approximation.
This is a very challengingtask sincethe function to be approximatedis for a very high-dimensionalinput space
and the real applicationrequiresthe navigator to performin real-time.

We appliedour algorithmto this challengingproblem.Someof the exampleinput imagesareshown in Fig 12.
As canbe seenin the images,surfacespecularity, �oor tile patterns,variousdoorsandwindows alongthe straight
sectionsandturningcornersposeanextremelychallengingcomputervision taskfor traditionalvision systems.Our
methodusesthe entire imagedirectly and the featurebasisvectorsof subspacesare automaticallyderived online
insteadof manuallydesignedoff-line. Totally, 318 imageswith the correspondingheadingdirectionswereusedfor
training.Desiredheadingdirection,which mustkeepthe robot in the centerof straighthallwaysandturn properly
at 6 kindsof corners,wasrecordedonlineat eachtime.Theresolutionof eachimageis 30 by 40. We usedtheother
204 imagesto test the performanceof the trainedsystem.Fig. 13 shows the maximumerror ratesand the mean
error ratesversusthe numberof training epochs.Both the maximumerror andthe meanerror converge aroundthe
15th epoch.Fig. 14 gives plots of the histogramsof the error ratesat different epochs.As shown, even after the
�rst epoch,the performanceof the IHDR tree is alreadyreasonablygooddue to our coarse-to-�neapproximation
schemeusing the tree.With the increaseof the epochs,we observed the improvementof the maximumerror and
meanerror. The improvementstoppedat the15thepochbecausethealgorithmdid not useany new trainingsamples
in that epochand the systemhasperfectly �t the existing training dataset. Our test on a real mobile robot has
shown that a systemof suchan error level of epoch5 can navigate the robot very reliably for hourseven with
passers-byuntil the on boardbatteriesareexhausted.

We alsocompareour experimentalresultswith two arti�cial neuralnetworks(ANN) with a considerationthat the
pattern-by-patterntraining modeof arti�cial neuralnetworks is alsoan incrementallearningmethod.A two-layer
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Fig. 12. A subsetof imagesusedin autonomousnavigation problem.The numberright below the imageshows the needed
headingdirection(in degrees)associatedwith that image.
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Fig. 13. Error ComparisonamongIHDR, FF and RBF for Vision-BasedNavigation. (a) The plot for maximumerror rates
vs. epochs.(b) The plot for meanerror ratesvs. epochs.The solid line representsthe error ratesfor resubstitutiontest.The
dashedline representsthe error ratesfor the testingset.

feed-forward (FF) network anda radial basisfunction (RBF) network wereusedto train and test for the mapping
from the imagespaceto control signal spaceusing the samedataset as usedin our IHDR tree algorithm. The
resultsare listed in TableVI which shows that the meanerror of FF was60% larger (2:00=1:25 = 1:6) than that
of IHDR while that of RBF was47% larger. The maximumerror of IHDR was slightly larger, but the difference
wasnot signi�cant to draw a generalconclusionhere.

D. For data with manuallyextractedfeatures

We have also further investigatedhow our IHDR algorithm performson lower dimensionalreal data,suchas
thosepublicly availabledatasetsthatusehumande�ned features.We testedour algorithmon two publicly available
datasets,andwe report the comparisonresultsfor thesedatasets.

1) Letter imagerecognitiondata:Thereare26 classeswhich correspondto 26 capital letters.Eachsamplehas
16 numericfeatures.15000sampleswereusedfor training and5000sampleswereusedfor testing.

2) Satellite image dataset:There are six decisionclassesrepresentingdifferent types of soils from satellite
images.Eachsamplehas36 attributes.The training set includes4435 samplesand the testingset includes
2000samples.
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Fig. 14. The histogramsof the error rates.Plot (a), (b), (c), and (d) correspondto the histogramsat epoch1, 6, 11, 20,
respectively.

We listed the resultsof our HDR and IHDR algorithmswith thosepublishedin the StatLogproject from [35]
as TablesVII and VIII. For theselower dimensionaldata sets,the performanceof our IHDR tree algorithm is
comparablewith otherbestexisting ones.

VI. CONCLUSIONS

IHDR is an approximationfor fully automaticdevelopmentof an associative cortex with bottom-upsensory
pathways, top-down motor projections.Variousautomatic,adaptive plasticitiesoccur in different cortical regions
(layers),cortical patches(nodes)andneurons(clusters).The proposedIHDR techniqueis for the very challenging
7 simultaneousrequirements:high-dimensionalinputs,one-instancelearning,adaptationto increasingcomplexity,
avoidanceof local minima,incrementallearning,long-termmemory, andlogarithmictime complexity. Theproposed
IHDR techniqueis applicableto both regressionandclassi�cation problems.

We proposeto clusterin both outputandinput spaces.Clustersin the outputspaceprovide coarse-to-�nevirtual
classlabelsfrom clustersin the input space.Thus,discriminantanalysisis possible.To dealwith high-dimensional
input space,in which somecomponentsarenot very usefulandsomecanbe very noisy, a discriminatingsubspace
is incrementallyderived at eachinternalnodeof the tree.Sucha discriminantsubspaceis especiallynecessaryfor
high dimensionalinput space.A size-dependentprobability-baseddistancemetric SDNLL is proposedto dealwith
large samplecases,small samplecases,andunbalancedsamplecases,which occur at differentnodesat different
levels with differentobservation richness.
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TABLE VI

THE PERFORMANCE FOR VISION-BASED NAVIGATION

Algorithm Meanerror (degree) Max. error (degree)
Resubstitution Testset Resubstitution Testset

FF 1.02 2.00 10 12
RBF 1.53 1.84 12 12

IHDR tree 0.00 1.25 0 13

TABLE VII

TEST RESULTS ON LETTER IMAGE RECOGNITION DATA

Algorithm Error rate Time (sec)
Training Testing Training Testing

Alloc80 0.065 0.064 39575 ?
KNN 0 0.068 15 2135

** HDR tree 0 0.070 212.7 30
* IHDR tree 0 0.072 1150 41

LVQ 0.057 0.079 1487 48
QuaDisc 0.101 0.113 3736 1223

Cn2 0.021 0.115 40458 52
BayTree 0.015 0.124 276 7
NewId 0 0.128 1056 2
IndCart 0.010 0.130 1098 1020

C4.5 0.042 0.132 309 292
Dipol92 0.167 0.176 1303 80
Radial 0.220 0.233 ? ?

LogDisc 0.234 0.234 5062 39
Ac2 0 0.245 2529 92

Castle 0.237 0.245 9455 2933
Kohonen 0.218 0.252 ? ?

Cal5 0.158 0.253 1033 8
Smart 0.287 0.295 400919 184

Discrim 0.297 0.302 326 84
BackProp 0.323 0.327 277445 22

Bayes 0.516 0.529 75 18
Itrule 0.585 0.594 22325 69

Default 0.955 0.960 ? ?
Cascade 1.0

Cart 1.000

Our experimentalstudywith thesyntheticdatahasshowedthat themethodcanachieve near-Bayesianoptimality
for both low-dimensionaldataand high-dimensionaldatawith low-dimensionaldatamanifolds.With the help of
the decisiontree, the retrieval time for eachsampleis of logarithmiccomplexity making real-timeperformancea
reality even for high-dimensionalinputs.The output of the systemcan be both classlabel or numericalvectors,
dependingon how the systemtrainergives the training data.The experimentalresultshave demonstratedthat the
algorithm can deal with a wide variety of samplesizeswith a wide variety of dimension.The presentedIHDR
techniqueenablesreal-time,online, interactive training where the numberof training samplesis too large to be
storedor to be processedin a batch,but the resultingIHDR treedoesnot needto storeall of the training samples.
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