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Abstract

This paper presentsincrementalHierarchical Discriminant Regression(IHDR) which incrementallybuilds a
decisiontree or regressiontree for very high dimensionalregressionor decisionspacesby an online, real-time
learning system.Biologically motivated, it is an approximatecomputationalmodel for automaticdevelopmentof
associatie cortex, with both bottom-upsensoryinputs and top-dovn motor projections.At eachinternal node of
the IHDR tree, informationin the output spaceis usedto automaticallyderive the local subspacespannedoy the
most discriminatingfeatures. Embeddedn the treeis a hierarchicalprobability distribution model usedto prune
very unlikely casesduring the searchThe numberof parameterén the coarse-to- neapproximatioris dynamicand
data-drven, enablingthe IHDR treeto automaticallyt datawith unknown distribution shapegthus, it is dif cult
to selectthe numberof parameteraip front). The IHDR tree dynamicallyassigndong-termmemoryto avoid the
loss-of-memoryproblem typical with a global- tting learning algorithm for neural networks. A major challenge
for anincrementallybuilt treeis that the numberof samplesvariesarbitrarily during the constructionprocessAn
incrementallyupdatedprobability model, called samplesize dependenhegative-log-likelihood (SDNLL) metric is
usedto deal with large-samplesize cases small-samplesize cases,and unbalanced-samplsize cases,measured
amongdifferentinternalnodesof the IHDR tree.We reportexperimentalresultsfor four typesof data:syntheticdata
to visualizethe behavior of the algorithms,large faceimage data, continuousvideo streamfrom robot navigation,
and publicly available datasetsthat use humande ned features.

Keywords: online learning, incrementallearning, cortical development,discriminant analysis,local invariance,
plasticity decisiontrees,high dimensionaldata,classi cation, regressionand autonomousievelopment.



. INTRODUCTION

The cerebralcortex performsregressionwith numericalinputsandnumericaloutputs.At anappropriateemporal
scale,the ring rate (or frequeng of the spikes) hasbeenmodeledas a major sourceof information carried by
the signalsbeing transmittedthroughthe axon of a neuron[1, pages21-33]. A cortical region develops (adapts
andself-oganizes)graduallythroughits experienceof signalprocessingPandya& Seltzer[2] proposedhatthere
arefour typesof cortex: primary, associationmultimodal, and paralimbic.The associatiorcortex lies betweenthe
primary cortex and motor areag[3, pages183-188].The mathematicamodel describechere can be consideredas
a coarse approximatecomputationaimodel for the developmentof the associatiorcortex, whosemain goal is to
establishthe association(i.e., mapping)betweenthe primary sensorycortex and motor cortex. However, a lot of
puzzlesaboutthe biological brain are unknovn. The computationamodel describecheredoesnot intendto t all
biological details.

Classi cationtrees(classlabelsasoutput)andregressiortrees(numericalvectorsas output) have two purposes:
indexing andprediction.Theindexing problemassumeshatevery input hasanexactly matcheddataitemin thetree,
but the predictionproblemdoesnot assumeso and, thus, requiressuperiorgeneralizationThe predictionproblem
hasthe indexing problemasa specialcase wherethe input hasan exact match.Indexing trees,suchasK-D trees
and R-trees,have beenwidely usedin databasdor known dataretrieval with a goal to reacha logarithmic time
compleity. Predictiontrees,also called decisiontrees,have beenwidely usedin machinelearningto generatea
setof tree-basegbredictionrulesfor betterpredictionfor unknown future data.Althoughit is desirableto construct
a shallov decisiontree, the time compleity is typically not an issuefor decisiontrees.The work presentechere
is requiredfor a real-time, online, incrementallylearning arti cial neural network system[4]. Therefore,both
goalsarethought:fastlogarithmictime compleity and superiorgeneralizationFurther we requirethe treeto be
built incrementally sincethe tree mustbe usedfor operationwhile dataarrive incrementally suchasin a system
that takes real-time video streams.Thus, in the work presentechere we concentrateon treesand, in particular
incrementallybuilt trees.

Traditionally classi cationandregressiortreesusea univariatesplit at eachinternalnode,suchasin CART, [5],
C5.0,[6] and mary others.This meansthat the partition of input spaceby eachnodeuseshyperplanesthat are
orthogonalto the axesof the input spaceX . Multivariatelinear splits correspondo partition hyperplanesthatare
not necessarilyorthogonalto ary axis of the input spaceandthus, potentially cancut alongthe decisionboundaries
moreappropriatelyfor betterpredictionor generalizationTreesthat usemultivariatesplits are called obliquetrees.
As early asthe mid-70s, Friedman[7] proposeda discriminatingnode-splitfor building a tree which resultedin
an oblique tree. The OC1 by Murthy et al. [8] and SHOSLIF tree by Swets& Weng [9] are two methodsfor
constructingoblique trees.For an extensive surwey of decisiontrees,seea suney by [10].

The OClusesaniterative searchfor a planeto nd a split. The SHOSLIFusesthe principal componentnalysis
(PCA) and linear discriminantanalysis(LDA) to directly computesplits. SHOSLIF usesmultivariate nonlinear
splits correspondingo curved partition surfaceswith any orientation.Why is discriminantanalysissuchas LDA
important?LDA usesinformation of the outputspacein additionto the informationin the input spaceto compute
the splits. PCA only usesinformationin the input space Consequentlyvariationsin the input spacethat aretotally
uselesdor output(e.g.,pure noisecomponentsare also capturedby the PCA. A discriminantanalysistechnique,
suchasLDA, candisregardinput componentghat areirrelevantto output (e.g., pure noisecomponents).

The problemgetsharderwhenthe outputis a multidimensionalanaloguesignal,asis the casewith a real-time
motor controlledby a robot. The classlabel is unavailable and thus, the LDA methodis not directly applicable.
Developed concurrentlywith the incrementalversion presentedhere, the Hierarchical Discriminant Regression
(HDR), by the sameauthors[11], performsclusteringin both outputspaceand input space while clustersin the
output spaceprovide virtual labelsfor membershignformationin forming clustersin the input space.An HDR
tree usesmultivariate nonlinearsplits, with multivariatelinear splits as a specialcase.

A. Incrementalregression

The problem becomeseven harderif the learning must be fully incremental By fully incremental, we mean
that the tree must be updatedwith every input vector It is not unreasonabléo assumethat the brain is fully
incremental:it must function and updatefor every sensoryinput. In an incrementallearning system,the data
framesarrive sequentiallyin time. Eachframe (vector)x(t) is a sample(snapshotpf the changingworld attime t.



Sincethe streamsof obsenation arevery long and often open-endedihe systemmustbe updatedusingoneframe
at a time. Eachframe s discardedas soonasit is usedfor updating. The major reasongor sequentiallearning
include: (a) The total amountof datais too muchto be stored.(b) Batch processing(including block-sequential
processingwherethe systemis updatedwith eachtemporalblock of data)takestime andintroducestime delay
betweenthe time whenthe rst batchis collectedandthe time the next batchis collected.(c) Updatinga treeis
fast, signi cantly fasterthan constructingthe entire tree. Thus, the lateng betweenupdatingusing a frame and
usingthe updatedtreeis short.

Sinceincrementallearningworks undera more restrictedcondition (e.g., all the training dataare not available
all at once),the designof an effective incrementalalgorithm s typically more challengingthan a batchversion.
In the neuralnetwork community incrementalearningis commonsincethe network alonedoesnot have spaceto
storeall the training data.Further incrementalearningis a mustfor simulatingwhatis calledautonomousnental
development[12] [13].

Due to the fact that incrementallearning operatesunder more restrictve conditions,typically one should not
expectanincrementalearningsystemto out-performa batchlearningmethodin termsof, e.g.,error rate.But, our
experimentalresultspresentedn SectionV indicatedthat the differenceof error ratesbetweenHDR andIHDR is
small,andin atest(Tablelll) the errorof IHDR is smaller

However, we can also take adwvantageof the incrementallearning nature: (a) Performwhile being built. The
tree canwork beforeall the dataare available. (b) Concentratioron hard casesThe later training samplescan be
collectedbasedon the performanceof the currenttree,allowing for the collection of moretraining casedor weak
casesor hard-to-learncases(c) Dynamic determinationof the numberof training samples Given a classi cation
or regressiontask, it is very dif cult to determinehow mary training samplesare needed.Incrementallearning
enablesdynamic determinationof the total numberof samplesneededbasedon currentsystemperformance(d)
The samesample(micro-clusterin the leaf nodesof IHDR), received at differenttimes, can be storedat different
positionsof the tree, potentiallyimproving the performance.

The batchprocessingversionof HDR appearedn [11]. This paperpresentdhe IncrementaHDR (IHDR). We
concentraten the incrementahatureof the techniqueandreferthe readerto [11] for issuescommonto HDR and
IHDR. In otherwords,IHDR follows the learningprinciple of typical neuralnetworks — incrementalearning.The
incrementallygeneratedHDR treeis a kind of network. Unlike traditional neuralnetworks, suchas feed forward
networks and radial basisfunctions,the IHDR network hasthe following characteristics:

1) A systematimrganizationof long-termmemoryandshort-termmemory The long-termmemorycorresponds
to informationin shallov nodesand micro-clusters(also called primitive prototypeswhen the meaningof
micro-clustersis alluded) in leaf nodeswhich are not visited often. The short-termmemory corresponds
to micro-clustersin leaf nodesthat are visited often, so that the detail is forgotten through incremental
averaging.The long-term memaory prevents catastrophidoss of memoryin, e.g., back-propagatiorearning
for feed-forward networks.

2) A dynamically automaticallydetermined(not x ed) set of systemparametergdegreesof freedom).The
parametergorrespondo the meanand covariancematrix of probability modelsin all of the internalnodes
and the dynamically createdmicro-clustersin leaf nodes.The dynamically determineddegreesof freedom
presentsererelocal minimathat might resultfrom a network with a x ed numberof layersor a x ednumber
of nodesin eachlayer, whenit intendsto minimize the error of tting for desiredoutputs.IHDR doesnhot
use tting atall.

3) A course-to- nedistribution approximatiorhierarchyso that coarseapproximationis nished at parentnodes
before ner approximationby their children. The imperfectionof the boundarieddeterminedby early frozen
ancestonodesarecorrectedandre ned by their laterchildren.Sucha schemelsocontributesto theavoidance
of the local minima problem:limited experience(the total numberof micro-clustersin all leaf nodes)may
resultin lack of detail in regressionbut not local minimain overall tting.

4) Fastlocal updatethroughthe treewithout iteration. Someexisting methods suchasevolutionarycomputation
and simulatedannealingcan deal with local minima, but they requireiterative computationswvhich are not
suitedfor the real-timeupdatingand performance.

We did not nd, in the literature,an ef cient techniquethat performsdiscriminantanalysisincrementallywhile

satisfyingall of the seven stringentrequirementsliscussedelow. As far aswe know, therewasno prior published
incrementalstatisticalmethodsuitedfor constructinga regressiontree for high dimensionalinput spacebasedon



discriminantanalysis By high dimensionakpacewe meanthat the dimensionrangesfrom a few hundredto a few
thousandandbeyond. The numberof samplescan be smallerthanthe dimension.Whenthe numberof sampless
smallerthanthe input dimension(i.e., the numberof features)[5] and[8] describedhe situationasdataunder ts
the conceptandthus, disregardedthe situation.

This high dimensional small samplecasebecomesrery importantwith increaseduseof high dimensionaligital
multimediadata, such as imagesand video, where eachpixel valueis a componentof the input vector * These
applicationsgive rise to high dimensionaldatawith strongcorrelationsamongcomponent®of input. CART, C5.0,
OC1, and other publishedtree classi ers that we know perform reasonablywell for relatively low-dimensional
datathat was preparedby humans.Each componentof suchtraining datais a human-de nedfeatureand thus,
correlationamongthesefeaturesare relatively low. However, they are not designedor highly-correlateddirectly-
sensedhigh-dimensionabatasuchasimagesand video. Further the elementsin sucha high-dimensionakector
are highly correlatedsincepixels are highly correlated The SHOSLIFtreeis for high input dimensionandhasan
incrementalversion,[18], but it usesPCA for the splits. It is technicallychallengingto incrementallyconstructa
classi cation or regressiontree that usesdiscriminantanalysisdueto the complex natureof the probleminvolved.

B. Rayressionrequirements

With the demandof online, real-time,incrementalmulti-modality learningwith high-dimensionakensingby an
autonomoushearningembodiedagent,we requirea generalpurposeregressiontechniquethat satis es all of the
following seven (7) challengingrequirements:

1) It musttake high-dimensionalnputswith very complex correlationbetweencomponentsn the input vector
(e.g.,an image vector has over 5000 dimensions).Someinput componentsare not relatedto outputat all
(e.g.,posterson a wall are not relatedto navigation).

2) It must perform one-instancdearning.An event representedby only a single input sensoryframe must be
learnedandrecalled.Thus, iterative learningmethods suchasback-propagatiotearning,are not applicable.

3) It must adaptto increasingcompleity dynamically It cannothave a x ed numberof parameterdike a
traditional neuralnetwork, sincethe compleity of the desiredregressionfunction is unpredictable.

4) It must deal with the local minima problem. If the tree currently being built sticks into a local minima,
the tree being built is a failed tree. In online real-time learning of open-endedautonomousdevelopment
of an agent,such a failed casemeansthat the agentfailed to develop normally Traditionally, a variety
of engineeringmethodshave beenusedto alleviate the problem of local minima, e.g., (&) simultaneously
keepingmultiple networks, eachstartingwith a differentrandominitial guess,and only the bestperforming
network is selected(b) simulatedannealing,and (c) evolutionary computation However, thesemethodsare
not applicableto real-timeonline developmentwhereevery systemmustdevelop normally,

5) It must be incremental.The input must be discardedas soonas it is usedfor updatingthe memory It is
impossibleto save all the training samplessincethe spacerequiredis too large.

6) It mustbeableto retainmostof the informationof the long-termmemorywithout catastrophianemoryloss.
However, it mustalsoforget and ngglectunrelateddetailsfor memoryef ciency andgeneralizationWith an
arti cial network with back-propagatiomearning,the effect of old sampleswill be lost if thesesamplesdo
not appearater.

7) It musthave a very low time complity in computingand updatingso that the responsdime is within a
fraction of secondfor real-time learning, even if the memory size has grown very large. Thus, ary slow
learningalgorithmis not applicablehere.Of course the entiretree constructionprocesscanextendto a long
time period.

Someexisting arti cial neuralnetworks can satisfy someof the above requirementsbut not all.

For example,considerfeed forward neuralnetworks with incrementalback-propagatiotearning. They perform
incrementalearningandcanadaptto the latestsamplewith a few iterations(not guarantedo t well), but they do
not have a systematicallyorganizediong-termmemory andthus, early sampleswill be forgottenin later training.
Cascade-CorrelatidrearningArchitecture[19] improvesthemby addinghiddenunitsincrementallyand xing their

This correspondso a well-acceptedand highly successfulpproactralledthe appearance-basegproachwith which the humansystem
designerdoesnot de ne featuresat all but rather appliesstatisticalmethodsdirectly to high-dimensional preprocessedmage frames,as
seenin the work of [14], [15], [16] and,[17].



weightsto becomepermanenfeaturedetectorsn the network. Thus, it addslong-termmemory Major problems
for theminclude the high-dimensionalnputs andlocal minima.

We presentiHDR to dealwith the above 7 requirementsaltogetherwhich is a very challengingtask of design.
Further we deal with the unbalancedsampleproblemin that someregions of input spacehave a large number
of sampleswhile otherregions have sparsesamplesA sample-sizedependentikelihood measures proposedio
make suboptimaldecisiondor differentsamplesizeswhich is critical for anincrementahklgorithm;it mustperform
reasonablywell while being constructedWe presentexperimentalresultsthat demonstratéhe performanceof the
new IHDR techniqueand compareit with somemajor publishedmethods.

[I. THEIHDR METHOD
We rst discussbrie y classi cation and regression.

A. Uni cation of classi cation and regression

The tasks of discriminantanalysiscan be catayorized into two types accordingto their output: class-label
(symbolic) output and numerical output. The former caseis called classi cation and the latter caseis called
regression A classi cationtask canbe de ned asfollows.

De nition 1: Given a training samplesetL = f(x;;l;) ji = 1;2;:::;ng, wherex; 2 X is aninput (feature)
vectorandl; is the symboliclabelof x;, the classi cationtaskis to determinethe classlabel of any unknavn input
x 2 X.

A regressiontaskis similar to the correspondinglassi cation one, exceptthat the classlabel |; is replacedby
avectory; in the outputspacey; 2 Y;i = 1;2;:::;n. The regressiontask can be de ned asfollows.

De nition 2: GiventrainingsetL®= f(x;;y;) ji = 1;2;:::;ng andary testingvectorx 2 X, the regression
taskis to estimatethe vectory(x) 2 Y from x 2 X.

Regressiontasksare very common.As long as the output of the systemneedsto control effectors that take
gradedvalues,the learningproblemis regression.Examplesinclude motors, steeringwheels,brakes, and various
machinedn industrial settings.The biological cortex also performsregression.

In a classi cation problem,the classlabelsthemselesdo not provide informationin termsof how differenttwo
classesare. Any two differentclassesre just different,althoughsomemay differ morethan othersin the original
application.This is not the samefor a regressionproblem.Any two differentregressionoutputvectorshave their
naturaldistance.

Furthermorewe cancasta classi cationprobleminto a regressve one so thatwe cancornvenientlyform coarse
classedy meging someoriginal classesThesecoarseclasseareusefulfor performingcoarse-to- neclassi cation
and regressionusing a decisiontree,aswe will explain laterin this paper

The biological cortex doesonly regression,not classi cation per se. In the applicationspresentedater in this
paper we usedthe IHDR regressorto deal with both regression(e.g., navigation) and classi cation (e.g., face
recognition). For the purposeof understandinghere we outline three ways to casta classi cation task into a
regressionone. More detail is availablein [11].

1) Canonical mapping. Map n class labels into an n-dimensional output space. For the i-th class, the
correspondingutputvectory; is ann-dimensionalvectorwhich hasl asits i-th componenandall the other
componentsre zero. For incrementallearning, this methodhasa limitation sincethe maximumnumberof
classess limited to n.

2) Embeddingcostmatrix. If a costmatrix [c;; ] is available,then classlabelscanbe embeddednto an(n  1)-
dimensionaloutput spaceby assigningvectory; to classi, i = 1;2;:::;n, sothatjjy; Y;jj is ascloseto
cj , the costof confusingclasses andj, aspossible.This processs not always practicalsincea pre-de ned
costmatrix [¢; ] is not always easyto provide. This also meansthat the numberof classess limited for the
incrementallearningcase.

3) Classmeansin input space.Eachsample(x;j ;1;) belongingto classl; is corvertedto (xj ;y;), wherey;,
the vector classlabel, is the meanof all x;; that belongto the sameclassl;. In the incrementallearning,
the meanis updatedby using an amnesicaverageas describedin Sectionlll-F. This is often a desirable
methodsincethe distancein the output spaceis closely relatedto the distancein the input space.n all of
the classi cation experimentspresentedater, we usedthis mapping.



On the otherhand,one cannotmap a numericoutputspaceinto a setof classlabelswithout losing the numeric
propertiesamonganin nite numberof possiblenumericalvectors.Therefore a regressionproblemis moregeneral
thanthe correspondinglassi cation problem.

B. Technical motivation
In theremaindeof this paper we considera generalregressiorproblem:incrementallyapproximatinga mapping

h: X 7Y

constructedfrom a set of training samplesf (xi;yi) j xi 2 X; yi2Y; i = 1;2;::1;ng. By incremental
approximationwe meanthat the incrementaldeveloperd takesthe previous mappingh( 1 andinput the sample
(xi;yi) to producethe updatedmappingh(:

h® = d(h® D;xi;y1)
fori= 1;2;::.

With the high-dimensionalinput spaceX, mary componentsare not relatedto the desiredoutput at all. A
straightforvard nearestneighbor classi er, using the Euclideandistancein X space,will fail miserably Fig. 1
illustratesa 2-D example.Fig. 1(a) shavs the decisionboundaryof the straightforvard nearesneighborrule called
the Voronoi diagram Its error rateis high (about50%) as shown in Fig. 1(c). If the discriminatingfeature,X 1 in

this example,is detectedand a nearesteighborclassi er is usedin this discriminatingsubspac€1-D), the error
rateis drasticallysmallerasshowvn in Fig. 1(d).

X1

X1

(© (d)

Fig. 1. Theimportanceof nding thediscriminatingfeatures(a) The training samplesaremarked assmall circles. The colors
indicate the correspondingoutput. The Voronoi diagramis shavn by line segments.(c) A large classi cation error resulted
from the straightforvard nearesneighborclassi er. Misclassi ed areasaremarked by a dark shade(b) Only the discriminating
featureX ; is usedby the nearesteighborrule. (d) Misclassi ed areasof nearestneighborrule using X1 only, which are
smallerthan (c).

The phenomenonillustratedin Fig. 1 becomeamore severein high-dimensionakpacebecausehere are more
dimensions(like X ;) that distractthe Euclidian distanceusedby the nearestneighborclassi er. Therefore,it is
necessaryo automaticallyderive discriminatingfeaturesby the regressor

If y;, in theincrementallyarriving training samplegX;; yi), is a classlabel, we could usethe linear discriminant
analysis(LDA) asin [20]'s work sincethe within-classscatterand between-classcattermatricesare all de ned.
Unfortunately if eachclasshas a small numberof training samples,the within-class scattermatrix is poorly
estimatedand often degenerateandthus,the LDA is not very effective. If the classi cation problemis castinto a
regressionone, it is possibleto form coarseclassesgachhaving more sampleswhich enablesa betterestimation
of the within-classscattermatrix. However, if y; is a numericaloutput, which cantake any value for eachinput



component,t is a challengeto gure out an effective discriminantanalysisprocedurethat can disregard input
componentghat are eitherirrelevantto outputor contrikute little to the output.

Sucha challengebecomesdntertwined with other challengesvhen a discriminantanalysismust be performed
incrementallyin a sensethat samplesare provided one at a time and the mappingapproximatormust be updated
for eachtraining sample.

With thesechallengesn mind, we introducea new hierarchicaktatisticaimodelingmethod.Considetthe mapping
h: X 7! Y, which is to be approximateddy a regressiontree called an IHDR treefor the high-dimensionakpace
X. Our goalis to automaticallyderive discriminatingfeaturesalthoughno classlabel is available (otherthanthe
numericalvectorsin spaceY). In addition,for the real-timerequirementwe mustprocesseachsample(x;;y;) to
updatethe IHDR tree usinga minimal amountof computation.

C. Outline
For notationsimplicity, we considera completetree whereeachnodehasg-children,andthe tree hasL levels.

Thus,thetreehasq nodesatlevel | with therootat| = 0. Mathematicallythe spaceY is incrementallypartitioned
into d mutually non-intersectingegions at level |:

Y=Yl izl [ Yig

= 1,21, whereY; \ Y;; = if i 6 j: The partitionsarenested.Thatis, the region Y, atlevel | is further
partitionedinto q regionsat level | + 1:

Yij = Yierg ot [ Yierig per2 [ [ Yisngq 1)

forj = 1;2;:::; ¢ . Denotethe centerof region Yi; by avectory;; computedasthe meanof the samplesn region
Y. Thesubrgionsf Yiiq . 1)g+13 Yi+1:G 1g2 5 Yi+1; g9 Of Yi;j arethe Voronoidiagramof the corresponding
centers

fYie1: pgriYis1ig g2 5 Yi+15 99

atlevel | + 1.

Given ary training samplepair (x; y), its label at level | is determinedby the locationof y in Y. If y 2 Y} for
somej, thenx hasa labelj atlevel I. Among all the samplepairsin the form (x;y), all the x's that sharethe
samelabelj atlevel | form the jth x-clusterat level I, representedby the centerx ;.

In reality, the IHDR treeis updatedncrementallyfrom arriving training samplegx;;y;). Thereforejt is typically
not a completetree.

D. Doubleclustering
Eachinternalnodeof the IHDR treeincrementallymaintainsy-clustersandx-clustersasshowvn in Fig. 2. There
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Fig. 2. TheY-clustersin spaceY andthe corresponding-clustersin spaceX . The numberof eachsampleindicatesthe time
of arrival.

area maximumof g (e.g.,q= 20) clustersof eachtype at eachnode.
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Fig. 3. The discriminatingsubspacef the IHDR tree disreggardscomponentghat are not relatedto outputs.In the gure,
the horizontalcomponenis a componenin the input spacebut is irrelevant to the output. The discriminatingfeaturespace,
the linear spacethat goesthroughthe centersof the x-clusters(representedby a vertical line), disregardsthe irrelevant input
componentsThe numberof eachsampleindicatesthe time of arrival.

Mathematicallythe clusteringof X of eachnodeis conditionedon the classof Y spaceThe distribution of each
x-clusteris the probability distribution of randomvariablex 2 X conditionedon randomvariabley 2 Y. Therefore,
the conditionalprobability densityis denotedas p(xjY 2 ¢;), wherec; is thei-th y-clusteri = 1;2;:::;q.

The q y-clustersdeterminethe virtual classlabel of eacharriving sample(x; y) basedon its y part. The virtual
classlabelis usedto determinewhich x-clustertheinput sample(x; y) shouldupdateusingits x part. Eachx-cluster
approximateghe samplepopulationin the X spacefor the samplesthat belongto it. It may spavn a child node
from the currentnodeif a ner approximationis required.The incrementalupdatingis donein the following way.
At eachnode,y in (x;y) nds the nearesty-clusterin Euclideandistanceand updates(pulling) the centerof the
y-cluster This y-clusterindicatesto which correspondingc-clusterthe input (x; y) belongs.Then,the x part of
(x;y) is usedto updatethe statisticsof the x-cluster (the meanvector and the covariancematrix). The statistics
of every x-clusterarethenusedto estimatethe probability for the currentsample(x; y) to belongto the x-cluster
whoseprobability distribution is modeledas a multi-dimensionalGaussiamat this level. In otherwords, eachnode
modelsa region of the input spaceX usingq GaussiansEachGaussiarwill be modeledby more small Gaussians
in the next treelevel if the currentnodeis not a leaf node.

Moreover, the centersof thesex-clustersprovides essentiainformationfor discriminatingsubspacesincethese
x-clustersare formed accordingto the virtual labelsin the Y space.We de ne the most discriminatingfeature
(MDF) subspacéd asthe linear spacethat passeghroughthe centersof thesex-clusters.A total of q centersof
the g x-clustersgive q 1 discriminatingfeatureswhich span(q 1)-dimensionaldiscriminatingspaceD.

Why is it calledthe mostdiscriminatingspace®or example,supposehattherearetwo componentsn the input,
one containssignalsrelevant to outputs,andthe otheris irrelevant to the outputas shaovn in Fig. 3. Although the
latter componentontainsinformation probablyusefulfor other purposesit is “noise” asfar asthe regressiorntask
is concernedBecausehe centersof the x-clustershave similar coordinatesn the “noise” direction and different
coordinatesn the signaldirection,the derived discriminatingfeaturesubspacéhat goesthroughthe centersof the
x-clusterssuccessfullycatchesthe signal componentand discardsthe “noise” componentasillustratedin Fig. 3.
Otherdirectionsarenot asgoodasthe MDF direction.Of courseanirrelevantcomponentanbein ary orientation
and doesnot have to be along an input axis. The presentedechniqueis a generaltechnicalthat dealswith ary
orientation.

E. Adaptivelocal quasi-irvariance

Whenhigh-dimensionainput vectorsarerepresentetly vectors(clusters)n lower dimensionafeaturesubspaces,
the power of featuresin disrggardingirrelevant factorsin the input as discussedabove is displayedasinvariance
in the regressors output.

IHDR is typically usedto classify a temporalseriesof input sampleswhere consecutie input framesare not
totally irrelevant (e.g., during tracking of an object). Supposethat input sampleg(x; y) are recevved consecutiely
in time, wherex is theinput obsenationandy is the desiredoutput. The consecutie vectorsx(t) andx(t+ 1) may
correspondo an image of a tracked object (e.g., moving away, moving along a direction, rotating, deformation,



(b)

Fig. 4. Automatically sort out a temporal“mess” for local quasi-irvariance.A sign, ;j; or +, indicatesan input sample
(x; y), whosepositionindicatesthe position of x in the input spaceX andwhosesign type indicatesthe corresponding in
the output spaceY . Input samplesare obsened but are not storedin the IHDR tree. (a) A “mess” of temporaltransitions:
A 2-D illustration of mary-to-mary temporaltrajectoriesbetweensamples(consecutiely ring neuronpatterns)(b) Cleaner
transitionsbetweerfewer primitive prototypeqblack circles),enabledoy IHDR. Thethick dashecturve indicatesthe nonlinear
partition of theinput space X, by the grandparen(internalnode).The two thin dashecturvesindicatethe next-level nonlinear
partition by its two children (internalnodes).The two thick straightlines denotethe mostdiscriminatingsubspacesf the two
children,respectiely. The spreadof samplesin the direction orthogonalto the solid line representsnary typesof variations.
A solid black cycle indicatesa primitive prototype(context state)in one of the four leaf nodes.An arron betweentwo states
indicatesobsened temporaltransitions.

facial expressionljighting changesetc). Invariancein classi cationrequiresthatthe classi er classi esthe different
inputs (e.g., views) of the tracked object as the sameobject. This kind of quasi-irvarianceis adaptve and local.
By adaptive, we meanthat the quasi-itvarianceis derived from sensorimotoexperience(i.e., the (x; y) pairs),not
hand-designedBy local, we meanthat the quasi-itvarianceis applicableto a local manifold in the input space,
not the entire input space By quasi,we meanthat the invarianceis approximateput not absolutelytrue.

In the literature,therehasbeenno systematiomethodsthat can effectively detail with all kinds of local quasi-
invariancein an incrementallearning setting. For example,if we comparetwo vectorsusing Euclidian distance
kx(t+ 1) x(t)k, the variation of every pixel valuewill be summedin sucha distance.

The mostdiscriminatingfeaturesubspacealerived usingthe above methodcanacquiresuchadaptve local quasi-
invariance.Supposethat a seriesof training samplesare recevved by the IHDR tree (X¢;Vyt), t = 1;2;:::;. For
simplicity, we assumethat the outputy; takesonly four valuesa;, a, az and as, representedvy four different
signsin Fig. 4. Becauseof the variationsthat are irrelevant to the output, the trajectory of x;x»;::: shown in
Fig. 4(a) is a mess.Thatis, thereis no clearly visible invariance.

The labelsgeneratedy the y-clustersallow x-clustersto be formed accordingto output.In eachinternalnode,
the most discriminatingsubspacds created,shovn as thick line segmentsin Fig. 4(b). Irrelevant factorswhile
an objectis tracked, suchassize, position, orientation,deformation lighting, are automaticallydisregardedby the
featuresubspaceThereis no needto hand-modelvhatkind of physicalinvariancethat the tracked objectexhibits.
This is a signi cant advantageof suchinternally generatedepresentatiotfhierarchicalfeaturesubspaces)n each
leaf nodeof the IHDR tree,thesesamplesare not stored.They participatein the amnesicaverageof the primitive
prototypesin the leaf node.As shown in Fig. 4(b), due to the nonlineardecisionboundariesdeterminedby the
parentsnot mary primitive prototypesareneededn a leaf nodeif the leaf nodeis pure(samplesarefrom a single
y-cluster).



F. Clustes as observation-driverstates

Whenthe IHDR is usedto generateactionsfrom a seriesof temporallyrelatedinput vectorsf x 1; X2; :::; X¢; :::0,
the x-clusterthat IHDR treevisited attimet = i is usefulasa (contet) stateof the systemattimet = i + 1. From
Fig. 4(b) we can seethat the transitiondiagramsamongthe primitive prototypes(i.e., contet states)are similar
to a traditionalMarkov DecisionProcesgfMDP). However, this is an Obsenation-driven Markov DecisionProcess
(OMDP) asdiscussedn [21]. The major differenceshetweenthe OMDP anda traditional MDP include:

1) The statesin OMDP are automaticallygeneratedrom sensoryinputs,i.e., obsenation-drven. The statesin
a traditional MDP are basedon the hand-constructedhodel abouta known task.
2) The statesn OMDP arevectorswithout speci ed meaningq(i.e., distributed numericalrepresentation)yhile
thosein a traditional MDP are symbolswith hand-assignedeaninggi.e., atomic symbolicrepresentation).
3) Thenumberof statesn OMDP is fully automaticallydeterminedThe numberof statesn a traditionalMDP
is hand-selected.
4) The statesin OMDP are adaptve local quasi-itvariantin the most discriminatingfeaturesubspacesyhile
statesin a traditional MDP are not necessatrilyso.
5) The OMDP is supportedby the hierarchy of most discriminating subspacesn IHDR which is fully
automaticallyandincrementallyconstructedwhile that for a multilevel traditional MDP is hand-designed.
Thesepropertiesare necessarjor automaticallygeneratinga task-speci ¢ (or context-speci c) internal represen-
tation throughexperiencesbut during the programmingtime the programmermnf IHDR doesnot know what tasks
that the systemwill end up learninglater, as discussedn [13].

G. Biological view

Fig. 5 illustratesan IHDR tree. Each nodein the IHDR tree correspondgo a cortical region. The spaceX,
representeds d-dimensionalvectors,is rst partitionedcoarselyby the root. The root partitionsthe spacex into
g subrgions(q = 4 in the gure), eachcorresponds$o one of its g children. Eachchild partitionsits own smaller
region into q subregjions again. Such a coarse-to- nepatrtition recursvely divides input spaceinto increasingly
smallinput regionsthroughthe learningexperience The q neurongcalledx-clusters)in eachnodecorrespondo g
featuredetectorsWith incrementallyarriving input vectors(x;; yi ), theseq neurongerformcompetitve incremental
updatedor thesey-clustersandx-clusters.If aleaf nodehasreceved enoughsamplesijt spavnsq children.In the
leaf node,a collection of micro-clusterdn the form (x;;y;) arekept.

If x is given, buty is not, a searchprocessis carriedthroughthe IHDR tree until a leaf nodeis reached.The
algorithm nds the nearestieighborx; of x amongthe micro-clustersof the form (x;;y;) in the leaf node.The
correspondingy; in (X;;y;) is the estimatedoutput:y; = h(x).

[11. THE IHDR ALGORITHM

The algorithm incrementallybuilds an IHDR tree from a sequenceof training samples(x¢;y;);t = 0;1;2; .
The deepera nodeis in the tree,the smallerthe variancesof its x-clusters Whenthe numberof samplesn a node
is too smallto give a good estimateof the statisticsof q x-clusters,this nodeis a leaf node.

The modeof IHDR programis run as follows.

Procedue 1. IHDR Algorithm. Initialize root. For t = 0; 1; 2; :::, do the following:

Grabthe currentsample(Xt; yi).
If y¢ is given, call update-tree(rootx;, y;), otherwisecall compute-response(root;, y) and outputy.
The following sectionsexplain proceduresipdate-treeand compute-response.

A. Updatetree

The following is the incrementalalgorithm for updatingthe tree. Given the root of the tree and the training
sample(x; y), updatethe tree using a single training sample(x; y). Eachcall to update-treemay grow the tree.
This proceduréhandlesadaptve cortical plasticity (treelayers).The systemparametersy is thenumberof maximum
childrenfor eachinternalnode.bs is the numberof samplesneededper scalarparameteie.g.,bs = 20).

Procedue 2: Update-treqroot, X, y).

1) Initialization. Let A be the active nodewaiting to be searchedA is initialized to be the root.
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Fig. 5. lllustration of an IHDR tree incrementallydeveloped(self-omganized)from learning experience.The sensoryspace
is representedby sensoryinput vectors,denotedby “+”. The sensoryspaceis repeatedlypartitionedin a coarse-to- neway.

The upperlevel andlower level representhe samesensoryspace but the lower level partitionsthe space ner thanthe upper
level does.An ellipseindicatesthe spacefor which the neuronat the centeris responsibleEachnode (cortical region) hasq

featuredetectorgneurons)q = 4 in the gure), which collectively determineto which child node(cortical region) the current
sensoryinput belongs(excites). An arrow indicatesa possiblepath of the signal o w. In every leaf node, prototypes(marked
by “+") arekept, eachof which is associatedvith the desiredmotor output.

2) TreesearchWhile A is not a leaf node,do the following.

a) Compute response.Compute the responsefor all neuronsin A from input x, by computingthe
probabilitiesdescribedn SubsectionV-C. Thatis, the responseof a node (neuron)is the probability
for x to belongto the input region representedby the node.

b) Compete Among maximumof g neuronsin A, the neuronthat hasthe maximumresponsewins.

¢) The child of A that correspondgo the winning neuronis setasthe new A, the next active node.

3) If A is aninternal node and is marked as plastic, updateA by calling update-notéA; x; y) to updatethe
partition of the region that A represents.

4) If A is aleaf node,updatethe matchedmicro-clusterof A by calling update-clustepairnC; x; y), whereC
is the setof all micro-clustersn A.

5) If A is aleafnode,spavn if it necessarytor the leaf nodeA, if the numberof samplesn, receivedis larger
than a thresholdautomaticallycomputedoasedon NSPP= 2(n  g)=¢f > bs to be explainedlater, turn A
into aninternalnodeand spavn g leaf nodesas g childrenof A by distributing the micro-clustersof A into
its children.
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As indicatedabove, aninternalnodeis marked asplasticor non-plasticA plasticinternalnodemayallow signi cant
changesin its region's partition which may imply that mary previous sampleswere incorrectly allocatedto its
subtreesaccordingto the new partition. Therefore every internalnodeis marked plasticuntil it hasspavn | levels
of nodes(e.g.,| = 2).

B. Updatenode

The above procedureupdate-nodén the update-treds explainedbelow. Givena nodeN anda training sample

(x;y), it updateghe nodeN using(x; y). This procedurehandlesadaptve plasticity for cortical patcheqwithin a
tree node).

Procedue 3: Update-nod€N; x;y).

1) Updatey-clusters.Let ¢ bethe setof y-clustersin nodeN . Updatey-clustersby calling update-cluste(y; c),
which returnsthe index i of the closetclustery;.

2) Updatethe i-th x-clusterassociatedvith y;. That is, updatethe meanof the x-clusterusing x, employing
amnesicaverageto be explainedlater in Sectionlll-F.

3) Updatethe subspacef the most discriminatingfeaturesof the node N, sincethe i-th x-cluster hasbeen
updated.

C. Updateclusters

The above procedurerequiresthe procedureupdate-clustersGiven sampley andthe set of clustersc = fy; j
i = 1;2;:::;ng, the procedureupdate-clustergjpdateghe clustersin c. This procedures partially responsibleor
handlingadaptve plasticity for neurongclusters).The parameterinclude:q is the boundon the numberof clusters
in the setc, y > 0 is the resolutionin the outputspacey .

Procedue 4: Update-clustergy;c).

1) Find the nearesteighbory; in the following expression

j = agming ; fky;  ykg;

whereargmin denoteshe agumentj that reacheghe minimum.
2) If n< gandky yjk>  (to preventvery similar or even the samesamplesto form different cluster
centers)jncrementn by one,setnew clustery, = y, addy, into c andreturn.Otherwise,do the following.

3) Updatea certainportionp (e.g.,p = 0:2, i.e., pulling top 20%) of nearestlustersusingthe amnesicaverage
explainedin Sectionlll-F andreturnthe index j .

D. Updatecluster pair

The procedureupdate-trealso requiresthe procedureupdate-clustepair, which is only for a leaf node.Given
a sample(x; y) andthe setof clusterpairsC = f(x;;y;) ji = 1;2;:::;;ng in the leaf node,the procedureupdate-
clusterpair updatesthe best matchedclusterin C. This procedureis partially responsiblefor handling adaptve
plasticity for eachoutput neuron(micro-cluster).The parametersnclude: by > 0 is the boundon the numberof
micro-clusterdn a leaf node; x > 0 is the resolutionin the input spaceX .

Procedue 5: Update-clusterpair (C; x; y).

1) If n< b andkx Xxjk> y (to preventverysimilaror eventhesamesamplego form differentclustercenters),
incrementn by one, createa new cluster(Xn;yn) = (X;y), add(Xn;yn) into C, andreturn. Otherwise,do
the following incrementalclustering.

2) Find the nearesneighborx; in the following expression

j = agming ; fkx; xkg:

3) Updateclusterx; by addingthe new samplex usingamnesicaverage.
4) Updateclustery; by addingthe new sampley usingamnesicaverage.
5) Returnthe updatedC.
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E. Computeresponse

Whenthe desiredoutputy is not given, IHDR calls the procedurecompute-respons&iven the root of the tree
and samplex, the procedurecompute-responseomputesthe responseof the tree to producethe nal outputy.
The systemparametersnclude g, the numberof maximumchildrenfor eachinternalnode.

Procedue 6: Compute-responséroot;x;y).

1) Do steps‘initialization” and“tree search”the sameway asthe correspondingtepsin procedureupdate-tree,
which nds theleaf nodeA.

2) Computethe outputy. Let the setof micro-clusterdn A to bec= f(x;;yi) ji = 1,2;:::;ng. Find the best
matchin the input space:

j = agming ; fkx xjkg:

Assignoutputy to be the associated;, i.e.,y = y;, andreturn.

F. Amnesicaverage

The amnesicaverageis motivatedby the schedulingof neuronalplasticity which shouldadaptvely changewith
on-goingexperiencelt is alsomotivatedby the mathematicahotion of statisticalef ciency in the following sense:
To estimatethe meanvector of a distribution (e.g., the meanvector of obsenationsx;, t = 1;2;3;::;, asthe
synapticweight vector of the neuron),the samplemeanis the most ef cient estimatorfor a large classof time-
invariantdistributions (e.g., exponentialdistributions suchas Gaussian)By de nition, the mostefcient estimator

hasthe leastexpectederror variance E k k?, amongall possibleestimators However, sincethe distribution
of obsenationsis typically not time-invariantin practice,the amnesicaverageis neededto adaptto the slowly
changingdistribution while keepingthe estimatorto be quasi-optimallyef cient.

From the algorithm point of view, in incrementallearning,the initial centersof eachstateclustersare largely
determinedoy early input data.Whenmore dataare available, thesecenteranove to more appropriatdocations.|f
thesenew locationsof the clustercentersare usedto judgethe boundaryof eachcluster the initial input datawas
incorrectly classi ed. In otherwords, the centerof eachcluster containssomeearlier datathat do not belongto
this cluster To reducethe effect of the earlierdata,the amnesicaveragecanbe usedto computethe centerof each
cluster The amnesicaveragecanalsotrack the dynamicchangeof the input environmentbetterthana corventional
average.

The averageof t input dataxz; Xo;:::; Xt is givenby:

x® = EXI Xi = X }xi: 2)

In the above expression,every x; is multiplied by a weight 1=t and the productis summed.Therefore,eachx;
recevesthe sameweight 1=t. This is called an equallyweightedaverage.If x; arrivesincrementallyandwe need
to computethe averagefor all the inputs receved so far, it is more ef cient to recursively computethe current
averagebasedon the previous average:

(t 1
= O DX Pt Ly, }xt: ®3)
t t t
In otherwords, the previous averagex 1) getsaweight(t 1)=t andthe new input x; getsa weight 1=t. These
two weightssumto one. The recursve equationEg. (3) gives an equally weightedaverage.In amnesicaverage,

the new input getsmore weight than old inputs asgiven in the following expression:

x® = %x(t D+ l%Xt: (4)

where 0 is anamnesicparameterThe two weightsstill alwayssumto one.For example = 1, which means
that the weight for the new sampleis doubled.

The amnesioveightfor the new data(1+ )=t will approachzerowhent goesto in nity . This meanghatwhen
t grows very large without bound,the new datawould hardly be usedand thus the systemwill hardly adapt.We
would like to enable to changedynamically Thus,we denote as (t).
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We usetwo transitionpoints,t; andt,. Whent  tq, weliketolet (t) = O to fully usethelimited data.When
ty <t ty, welet changelinearlyfrom O toc (e.g.,c= 1). Whent, < t, welet (t) to grow slowly andits

growth rate graduallyapproached=m. The abore discussionieadsto the following expressionfor (t):
8
< 0 if t 11

()=, ct t)=(tz ty) ifty<t t
c+ (t tp)=m if to<t

Sincelimy;  (1+  (t))=t = 1=m, whent grows without bound,the weightfor the new datax(t) is approximately
the sameasthat of the non-amnesi@averagewith m datapoints.Sucha growing (t) enableghe amnesicaverage
to track the non-stationaryrandominput processx;, whosemeanchangesslowly over time.

The updateexpressionfor incrementallycomputingsamplecovariancematrix is as follows:

p=t 2 O a0, 17 On oy X0y ©
The amnesicfunction (t) changeswith t aswe discussedabove.

Note that the above expressionassumes degreesof freedom,insteadof t 1 in the batchcomputationof the
samplecovariancematrix, for the following reason:Even with a single samplex 1, the correspondingcovariance
matrix shouldnot be estimatedas a zero vector sincex is never exactif it is measuredrom a physicalevent.
For example,the initial variancematrix ,(<1) canbe estimatedas 21, where 2 is the expecteddigitization noise
in eachcomponentand| is the identity matrix of the appropriatedimension.

This is the archival journal versionof IHDR which explainsIHDR in its entiretywith signi cant nev material.
IHDR hasbeenusedin several applicationsasa componentwherethe presentationsf the IHDR partwere partial
and brief. IHDR was usedfor vision-basedmotion detection,object recognition(appearancelassi cation), and
size dependentction (appearanceegression)in [22]. IHDR was usedfor recognitionof hand-writtennumerals
and detectionof orientationof naturalimagesin [23].

IV. DISCRIMINATING SUBSPACE AND OPTIMAL CLASS BOUNDARY

Each internal node automaticallydrives the subspaceof the most discriminatingfeatures(MDF) for superior
generalizationThe MDF subspaceés tunedto eachinternal nodefor characterizinghe samplesassignedo the
node.For our partition purpose eachchild of the internalnoderepresents class.Probability-basedptimal class
boundaryis neededo partition the input spaceof the internalnode,basedon the MDF subspace.

A. Discriminating subspace

Due to a very high input dimension(typically at leasta few thousand)for computationakf ciency, we should
not representatain the original input spaceX . Further for bettergeneralizationcharacteristicsywe should use
discriminatingsubspace® in which input componentghat areirrelevant to outputare disregarded.

We rst considerx-clusters.Eachx-clusteris representedby its meanasits centerandthe covariancematrix as
its size.However, sincethe dimensionof the spaceX is typically very high, it is not practicalto directly keepthe
covariancematrix. If the dimensionof X is 3000, for example,eachcovariancematrix requires3000 3000=
9; 000 000 numbers!We adopta more ef cient methodthat usessubspaceepresentation.

As explainedin Sectionll-A, eachinternalnodekeepsup to q x-clusters.The centersof theseq x-clustersare
denotedby;,

C=fcpcincgja 2 X,i=1,2:500 (6)

The locationsof theseq centerstell us the subspacé in which theseq centerslie. D is a discriminatingspace
sincethe clustersare formed basedon the clustersin outputspaceY .
The discriminatingsubspaceD can be computed@s follows. Supposethat the number of samplesin cluster

i isnj Ignd thus the grandtotal of samplesis n = iq:l n;. Let C be the meanof all the q x-cluster centers.
C-= % iq=1 n;c. The setof scattervectorsfrom their centersthencanbede nedass; = ¢ C,i = 1,2;:::;0.

Theseq scattervectorsare not linearly independenbecauseheir sumis equalto a zerovector Let S be the set
that containsthesescattervectors:S = fs; j i = 1;2;:::;q9. The subspacespannedby S, denotedby sparnS),
consistsof all the possiblelinear combinationdrom the vectorsin S, asshowvn in Fig. IV-A.
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Fig. 6. Thelinearmanifoldrepresentety C + spar{S), the spannedspacefrom scattervectorstranslatedy the centervector
C.

The orthonormalbasis aj; ay;::;;aq 1 of the subspacesparfS) can be constructedfrom the radial vectors
S1,; S2; ::1; Sq usingthe Gram-Stimidt Orthogonalization(GSO) procedure:

Procedue 7: GSO Procedure . Given vectors s;;Sp;::;;Sq 1, compute the orthonormal basis vectors
ap;ag; g 1.

1) a; = s1=kspk.

2) Fori=2,3;:; 1, do the following:
a) a¥= s j=1 (sl &)y
b) a = a%ka¥k.

In the above procedurea degenerag occursif the denominatoiis zero. In the rst step,the generag meanss;
is a zerovector In the remainingsteps,it meansthat the correspondingrectors; is a linear combinationof the
previousradial vectors.If a degenerag occurs,the corresponding; shouldbe discardedn the computatiorfor the
basisvectors.The numberof basisvectorsthat can be computedby the GSO procedurds the numberof linearly
independentadial vectorsin S.

Givenavectorx 2 X, we cancomputeits scatterparts = x  C. Then computethe projectionof x onto the

x in the linear manifold S. The meanandthe covarianceof the clustersare then computedon the discriminating
subspace.

The Fishers linear discriminantanalysisby [20] nds a subspacdhat maximizesthe ratio of between-cluster
scatterand within-cluster scatter Since we decidedto use the entire discriminating spaceD, we do not need
to considerthe within-cluster scatterherein nding D since probability will be usedin de ning distance.This
simpli es the computationfor discriminatingfeaturesOncewe nd this discriminatingspaceD, we will usesize-
dependenhegative-log-likelihood (SDNLL) distanceasdiscussedn SectionlV-B to take careof the reliability of
eachdimensionin D usinginformationthatis richer thanthe within-clusterscatter

B. The probability-basedmetrics

The subspacef the mostdiscriminatingfeaturesis automaticallyderived from a constraintthat the dimension
allowedis g 1. Within this subspacewe needto automaticallydeterminethe optimal classboundariedor every
child node,basedon the estimatedprobability distribution. Differentmodelsof probability distribution correspond
to differentdistancemetrics.

To relatethe distancemetricswith the responseof neuronswe modelthe responseof a neuronfrom an input
X asg(1=d(x; c)) whered(x; c) is distancefrom x andthe centervectorc (i.e., the synapticvector) of the neuron,
and g is a smoothsigmoidalnonlinearfunction.

Let us considerthe negative-log-likelihood (NLL) de ned from Gaussiardensityof dimensionq 1.

qg 1
2

Gogo)= 20 &) i e+ I Tn@ )+ 2ing i) )
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We call it GaussianNLL for x to belongto the clusteri. ¢; and ; are the cluster sample mean and
samplecovariancematrix, respectiely, computedusingthe amnesicaveragein Sectionlll-F. Similarly, we de ne
MahalanobisNLL and EuclideanNLL as:

q 1
2

M) = 30¢ o) Hx @)+ T Tin@ )+ S ) ®

qg 1
2
where is the within-classscattermatrix of eachnode— the averageof the covariancematricesof the g clusters:

E(x;c) = %(x ) 2 (x g)+ In(2 ) + %In(j 21); (9)

1 X?
R (10)
computedusing the sametechniqueof the amnesicaverage.

Supposehatthe input spaceis X andthe discriminatingsubspacéor aninternalnodeis D. The EuclideanNLL
treatsall of the dimensionsin the discriminatingsubspaceéd the sameway, althoughsomedimensionalitiescan
be moreimportantthan others.lt hasonly one parameter to estimate.Thus,it is the leastdemandingamongthe
threeNLL in the richnessof the obsenation required.Whenvery few samplesare availablefor all of the clusters,
the Euclideanlikelihoodis the suitedlikelihood.

The MahalanobisNLL usesthe within-classscattermatrix computedfrom all of the samplesin all of the q
x-clusters.Using MahalanobisNLL as the weightsfor subspaceD is equivalentto using EuclideanNLL in the
basiscomputedfrom Fishers LDA procedurelt decorrelatesll dimensionsand weights eachdimensionusing
a differentweight. The numberof parametersn is (g 1)=2, andthus, the MahalanobisNLL requiresmore
sampleghanthe EuclideanNLL.

The MahalanobisNLL doesnot treatdifferentx-clustersdifferently becauset usesa single within-classscatter
matrix for all of the g x-clustersin eachinternalnode.For GaussiarNLL, L(x; ¢;) in Eq. (7) usesthe covariance
matrix ; of x-clusteri. In otherwords,the GaussiarNLL not only decorrelateshe correlationsbut alsoappliesa
differentweightat a differentlocationalongeachrotatedbasis.However, it requiresthat eachx-clusterhasenough
samplesto estimatethe (@ 1) (g 1) covariancematrix. Thus, it is the most demandingon the numberof
obsenations.Note that the decisionboundaryof the EuclideanNLL and the MahalanobisNLL is linear, but by
the GaussiarNLL, it is quadratic.

C. Automaticsoft transitionamongdifferent matrices

In the ominivariatetrees[24], [25], eachinternal node performsbatchanalysisto chooseamongthreetypesof
splits: univariate linear multivariate,andnonlineamultivariate. However, IHDR cannotperformsuchbatchanalysis,
dueto the challengeof incrementallyarrived samplesDifferentdistancemetricsare neededat every internalnode
basedon the numberof available samplesin the node. Further the transition betweendifferent metrics must be
gradualand automatic.

We would like to usethe EuclideanNLL when the numberof samplesin the nodeis small. Gradually asthe
numberof samplesincrease the within-classscattermatrix of q x-clustersare betterestimated.Then, we would
like to usethe MahalanobisNLL. Whena clusterhasvery rich obsenations,we would like to usethe full Gaussian
NLL for it. We would like to make an automatictransitionwhen the numberof ]@amplesjncreaseWe de ne the

numberof samplesn; asthe measuremenodf maturity for eachclusteri. n = iq:l n; is the total numberof
samplesin a node.
For the threetypesof NLLs, we have threematrices, ?I, , and ;. Sincethe reliability of the estimatesare

well indicatedby the numberof sampleswe considerthe numberof scalesreceved to estimateeachparameter
calledthe numberof scalesper parameteNSPP),in the matrices The NSPPfor 2l is (n 1)(q 1), sincethe
rst sampledoesnot give ary estimateof the varianceand eachindependentvectorcontainsg 1 scales.For the
MahalanobisNLL, thereare(q 1)g=2 parameterdo be estimatedin the (symmetric)matrix . The numberof
independenvectorsrecevedis n g becausesachof the q x-clustersrequiresa vectorto form its meanvector

Thus,thereare(n qg)(q 1) independenscalars.The NSPPfor the matrix  is (?q q)l()gzzl) = 2(”q 9 To avoid
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n 0
the valuebecomingnegative whenn < ¢, we take NSPPfor  to be max M; 0 : Similarly, the NSPPfor ;

P , .
for the GaussiarNLL is £~ L, 2(”'q L = 20 9: Taplel summarizeshe resultof the NSPPvaluesof the above
derivation. The procedureupdate-treaisedNSPPfor GaussiarNLL.

TABLE |
CHARACTERISTICS OF THREE TYPES OF SCATTER MATRICES

Type | Euclidean *I  Mahalanobis  Gaussian i |

NSPP| (n 1)(q 1) e~ a2

A boundedNSPPis de ned to limit the growth of NSPP so that other matricesthat contain more scalars
can take over when there are a sufcient numberof samplesfor them. Thus, the boundedNSPP for 2l is
be = minf(n 1)(q 1);nsg, wherens denoteshe soft switch point for the next, more completematrix to take
over. To estimateng, we considera seriesof randomvariablesdravn independentlyfrom a distribution with a
variance 2, the expectedsamplemeanof n randomvariableshasan expectedvariance ?=(n 1). We canchoose
a switch con dencevalue for 1=(n 1). Whenl=n 1) = , we considerthatthe estimatecantake abouta
50% weight. Thus,n = 1= + 1. As anexample,let = 0:05 meaningthatwe trustthe estimatewith 50% weight
when the expectedvarianceof the estimateis reducedto about5% of that of a single randomvariable. This is
like a con dencevaluein hypothesigestingexceptthat we do not needan absolutecon denceanda relative one
sufces. We thengetn = 21, which leadsto ng = 21

The sage princple gpplies to Mahalanobis NLL and its bounded NSPP for is bn =
min  max M;O ;Ns : It is worth noting thatthe NSPPfor the GaussiarNLL doesnot needto be bounded,
since amongour modelsit is the bestestimatewith increasingnumberof samplesbeyond. Thus, the bounded
NSPPfor GaussiarNLL is by = 2“;—2‘4)

How do we realizeautomatictransition?We de ne a size-dependergcattermatrix (SDSM) W; as a weighted
sum of threematrices:

Wi = We 2l + Wy + Wy j; (11)

wherewe = be=b wy, = bn=h wg = by=bandb is a normalizationfactor so that thesethree weightssumto 1:
b= be+ by + by. Using this size-dependerdcattermatrix Wi, the size-dependentegativelog likelihood (SDNLL)
for x to belongto the x-clusterwith centerc; is de ned as:

q 1

Loca) = 20 @)W, o o)+ I tin@ ) + 2 inGwi): (12

With be, by, and by changingautomatically (L (x; ¢i)) transitssmoothly throughthe three NLLs. It is worth
noting the relationbetweenthe LDA and SDNLL metric. The LDA in spaceD with original basis givesa basis

for a subspaced® D. This basis is a properly orientedand scaledversionfor D so that the within-cluster
scatterin D% is a unit matrix, [20] (Sections2.3 and 10.2). In otherwords, all of the basisvectorsin for D°
are alreadyweightedaccordingto the within-clusterscattermatrix ~ of D. If D° hasthe samedimensionasD,
the Euclideandistancein D° on is equialentto the Mahalanobisdistancein D on , up to a global scale
factor However, if the covariancematricesare very different acrossdifferent x-clustersand each of them has
enoughsamplesto allow a good estimateof every covariancematrix, the LDA in spaceD is not asgood asthe
Gaussiarlikelihood becausecovariancematricesof all x-clustersare treatedthe samein the LDA, while Gaussian
likelihoodtakesinto accountsuchdifferencesThe SDNLL in (12) allows automaticand smoothtransitionbetween
threedifferenttypesof likelihood: Euclidean,Mahalanobisand Gaussianaccordingto the predictedeffectiveness
of eachlikelihood. Hwang & Weng[11] demonstratedhat SDNLL effectively dealswith various samplecases,
including small, moderate]arge, and unbalancedamples.

D. Computationalconsideations

Dueto the challengeof real-timecomputationan ef cient non-iteratve computationaschememustbe designed
for every internalnode.
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The matrix weightedsquareddistancefrom a vectorx 2 X to eachx-clusterwith centerc; is de ned by,
d(x;a)=(x c)'W Yx o) (13)

which is the rst term of Eq.(12).

This distanceis computedonly in (g 1)-dimensionakpaceusingthe basisM . The SDSMW; for eachx-cluster
isthenonlya(q 1) (q 1)squaresymmetricmatrix,of whichonly q(q 1)=2 parameterseedto be estimated.
Whenq = 6, for example,this numberis 15.

Given a columnvectorv representedn the discriminatingsubspacewvith an orthonormalbasiswhosevectors
arethe columnsof matrix M, the representatiomf v in the original spaceX isx = Mv.

To computethe matrix weightedsquareddistancein Eq.(13),we usea numericallyef cient method,Cholesly
factorization,[26] (Sec.4.2). The Cholesly decompositioralgorithm computesa lower triangular matrix L from
W sothatW is representedby W = LL T asstatedin the following procedure.

Procedue 8: Cholesly factorizationGivenann n positive de nite matrix A = [a;; ], computelower triangular
matrix L = [l ] sothatA = LLT.

1) Fori= 1;2;:::;n do:

a) Forj = 1,2;::;;1  1do:
X 1
lj = (& lik ljk)=lj 5
k=1
q P15
b) li = aj ket 12

With the lower triangularmatrix L, we rst computethe differencevector from the input vector x and each
x-clustercenterc: v= x ¢j. The matrix weightedsquareddistanceis given by:

d(x;g)=vIW, lv=vi(LLT) tv= (L v)T(L tv): (14)

We solwve for y in the linear equationLy = v andtheny = L v andd?(x;¢) = (L v)T(L v) = kyk?. Since
L is a lower triangularmatrix, the solutionfor y in Ly = v is trivial sincewe simply usethe back-substitution
methodas describedn [27] (page4?2).

Typically, mary different clustersin leaf nodespoint to the sameoutput vector as the label. To get the class
label quickly, eachcluster(or sample)(x;;y;) in the leaf nodeof the regressiontree hasa link to labell; sothat
when(x;;yi) is found asa good matchfor the unknavn input x, | is directly the outputasthe classlabel. There
is no needto searchfor the nearesieighborin the outputspacefor the correspondinglasslabel.

Therefore theincrementallyconstructedHDR treegivesa coarse-to- neprobability model. If we usea Gaussian
distribution to modeleachx-cluster thisis a hierarchical versionof thewell-known mixture-of-Gaussiadistribution
models:the deeperthe treeis, the more Gaussiansre usedandthe ner theseGaussiansare. At shallov levels,
the sampledistribution is approximatedy a mixture of large Gaussiangwith large variances)At deeplevels, the
sampledistribution is approximatecby a mixture of mary small Gaussiangwith small variances).The multiple
searchpathsguidedby probability allow a samplex, thatfalls in-betweentwo or more Gaussianst eachshallov
level, to explore the treebrancheghat containits neighboringx-clusters.Thosex-clustersto which the sample(x; y)
haslittle chanceto belongto are excludedfrom further exploration. This resultsin the well-known logarithmic
time comple for treeretrieval: O(dlogn) wheren is the numberof leaf nodesin the tree,andd is the dimension
of the input vector assuminghat the numberof samplesin eachleaf nodeis boundedabove by a constant(e.qg.,
50). See[11] for the proof of the logarithmictime complexity.

V. THE EXPERIMENTAL RESULTS

Severalexperimentavereconductedisingthe proposedncrementaklgorithm. First, we presenthe experimental
resultsusing syntheticdata. Then we show the power of the methodusing real faceimagesas high dimensional
input vectorsfor classi cation. For the regressionproblem,we demonstratedhe performanceof our algorithmfor
autonomousiavigation whereinput is the currentimageand outputis the requiredsteeringsignal.
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A. For syntheticdata

The purposeof using syntheticdatais to examinethe nearoptimality potentialof our new algorithm with the
known distributions as a groundtruth (but our algorithm doesnot know the distribution).

The syntheticexperimentpresentechereis for 3-D, where the discriminatingspaceD is 2-D. There were 3
clusters,eachbeing modeledby a Gaussiardistribution with meansrespectiely, (0;0;0), (5;0;0), (0;5;0) and

covariancematrices 2 32 32 3
1 00 4 00 4 0 O

40 1 05:;40 1 0°:40 225 0°:
001 001 0 0 1

Thereare 500 samplesper classfor training andtesting,respectiely.

Fig. 7 plots thesesamplesin (X1;X») plane,along with the decisionboundariesfrom ve types of distance
metrics:(1) The Bayesianground-truthdecisionrule (Bayesian-GT)whereall the groundtruthsaboutdistributions
are known (i.e., the rule doesnot use samples).(2) The Euclideandistancemeasuredrom a scalarcovariance
matrix °l. (3) The Mahalanobisdistanceusing a single estimatedcovariancematrix Sy,. (4) The GaussiarNLL
(Beyesian-Sampledising estimatedfull samplecovariancematricesfor all clusters.(5) Our SDNLL.

12 12
10f 10f
8t 8t
6 6
4 4
2F 2t
0/ o -
2t 2t
4t 4t ‘
0 5 10
(a) (b)

Fig. 7. Training samplesin (x1;X2) planeand the decisionboundariesestimatedby different distancemetrics.(a) A small-
samplecase.Lines 'B": Bayesian-GT Lines "E": Euclideandistance.Lines "G": GaussianNLL. Lines "M': Mahalanobis
distanceLines 'L": our SDNLL. (b) A large-samplecase.Note that circular markers along the boundaryare not samples.

Table Il shaws the classi cation errorsof (1) Bayesian-GT(2) Bayesian-Sampleand (3) the new SDNLL. It
shows that the classi cation errorsare very similar amongall the measurementgOf course,our adaptve method
SDNLL would not be able to reachthe error ratesof the impractical Bayesian-GTand non-adaptie Bayesian-
Sampleif thereare not enoughsamplesper class.

TABLE I
ERROR RATES FOR 3-D SYNTHETIC DATA

Bayesian-GT| Bayesian-Sample SDNLL
classl 7% 7.2% 4%
class2 6.8% 8.2% 4.6%
class3 1.6% 2.0% 4.8%

B. For real facedata

A critical test of the presentedalgorithmis to directly deal with high-dimensionalmulti-mediadata, suchas
images,video, or speech.We presentthe results for imageshere. Each image of m rows and n columnsis
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considereda mn-dimensionalvector where eachcomponentof the vector corresponddo the intensity of each
pixel. Statisticalmethodshave beenapplieddirectly to thesevectorsof high dimension.This type of approachhas
beenvery successfuin the eld of computervision andnow hasbeencommonlycalledappearance-basedethods,
[15], [28] and[17]. Although appearance-basadethodsthemseles do not have invariancein position, size,and
orientationwhen appliedto appearance-basebject recognition,they have beenwell-acceptedor their superior
performancevheninput imagesare preprocessednageswith roughly normalizedpositionand size.

The rst experimentusedfaceimagesfrom the Weizmanninstitutein Israel. Theimagedatabasavasconstructed
from 28 humansubjects,eachhaving thirty images:all combinationsof two different expressionsunder three
different lighting conditionswith ve different orientations.An example of the face imagesfrom one human
subjectis shavn in Fig 9. The preprocessetinageshave a resolutionof 88 64, resultingin a input dimensionof
5632 Thetaskhereis to classifyimagesinto a persons ID asclasslabel. We usedthe meanof all trainingimages
of eachpersonasthe corresponding/ vector For this classi cation problem,a nodedoesnot spavn children as
long asit containsonly samplesof the sameclass(pure node).

Fig. 8. Faceimagesfrom the Weizmannlinstitute. The training imagesof one subject. 3 lightings, 2 expressionsand 3
orientationsare includedin the training set.

Fig. 9. Faceimagesfrom the WeizmannInstitute. The testing imagesof one subject. 3 lightings, 2 expressions,and 2
orientationsareincludedin the testingset.

For our disjoint test, the data set was divided into two groups:training set and testing set. The training set
contains504 faceimages.Eachsubjectcontrituted 18 faceimagesin the training set. The 18 imagesincludethree
different poses threedifferentlightings, and two different expressionsThe remaining336 imageswere usedfor
the testingset. Eachsubjecthad 12 imagesfor testing,which includetwo differentposesthreedifferentlightings,
and two expressionsln orderto presentenoughtraining samplesfor the IHDR algorithmto build a stabletree,
we arti cially increasedhe samplesby presentingraining sampleso the program20 times (20 epochs) Tablelll
comparedifferentappearance-basadethods.TablelV completesa 2-fold cross-alidationwith Tablelll. In other
words, the testand training setsin Table lll exchangetheir rolesin Table IV. We used95% samplevariancein
determiningthe numberof basisvectors(eigervectors)in the principal componentanalysis(PCA). The 95% of
varianceresultsin about98 eigervectorswhich aremuchlessthanthatof NN (5632D!). The PCA organizedwith
a binary tree was fasterthan straight NN as shown in the Tablelll. It is the fastestalgorithm amongall of the
methodswe testedbut the performanceds worsethanthoseof the PCA andNN. The accurag of the LDA is the
third best.Our new IHDR methodis fasterthanthe LDA andresultedin the lowesterror rate.

For comparison,we also applied the supportvector machines(SVM) by [29] to this image set. The support
vector machinesutilizes a structuralrisk minimization principle, [30]. It resultsin a maximum separatiormaigin
andthe solutiondependsonly on the training sampleqsupportvectors)which arelocatedon the supportingplanes.
The SVM hasbeenappliedto both classi cation and regressionproblems.We usedthe SVM software obtained
from Royal Holloway, University of London, by [31], for this experiment.To avoid excessvely high dimensionthat
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SVM is unabledeal with, we appliedthe PCA rst to provide featurevectorsfor the SVM.? The bestresultwe
obtained,by tuning the parameter®f the software, is reportedin Tablelll. The datashaved that the recognition
rate of the SVM with the PCA is similar to that of the PCA alone.However, the SVM with the PCA is fasterthan
the PCA. This is becausg¢he SVM hasmore compactrepresentatiomnd the PCA aloneneedsto conductlinear
searchfor every training sample.However, the SVM is not suitedfor the real-time,incrementallearningthat our
applicationsrequire becausdts training is extremely slow [32], in additionto its inferior performanceshavn in
Tableslll andIV.

The error rate of the proposediHDR algorithm was comparedwith somemajor tree classi ers. CART of [5]
and C5.0 of [33] areamongthe bestknown classi cationtrees. However, like mostother decisiontrees,they are
univariatetreesin that eachinternal node usedonly one input componentto partition the samples.This means
that the partition of samplesis doneusing hyperplaneghat are orthogonalto one axis. We do not expectthat this
type of tree canwork well in a high dimensionalor highly correlatedspace.Thus, we also testeda more recent
multivariatetree OC1 of [10]. We realizethatthesetreeswere not designedor high-dimensionaspacedike those
from theimages.Thereforeo fully exploretheir potential,we alsotestedthe correspondingersionsby performing
the PCA beforeusing CART, C5.0,and OC1 and calledthem CART with the PCA, C5.0with the PCA, andOC1
with the PCA, respectiely, asshown in Tableslll andIV.

Further we comparedthe batch versionof our HDR algorithm. Originally we expectedthe batch methodto
out-performthe incrementalone. However, the error rate of the IHDR tree turnedout lower thanthat of the HDR
treefor this setof data.A major reasonfor this is that the sametraining samplesmay distribute in differentleaf
nodesfor the IHDR tree becausewe ran several iterationsduring training. For the batch version, eachtraining
samplecanonly be allocatedto a single leaf node.

TABLE Il
THE PERFORMANCE FOR WEIZMANN FACE DATA SET 1

Method Error rate | Avg. testingtime (msec)

PCA 12.8% 115
PCA tree 14.58% 34
LDA 2.68% 105

NN 12.8% 164
SVM with PCA 12.5% 90
C5.0with PCA 45.8% 95
OC1lwith PCA | 44.94% 98
HDR tree 1.19% 78
IHDR tree 0.6% 74

TABLE IV

THE PERFORMANCE FOR WEIZMANN FACE DATA SET 2 (SWAPPING TRAINING AND TEST SETS FROM SET 1)

Method Error rate | Avg. testingtime (msec)

PCA 15.3% 81
PCA tree 17.4% 29
LDA 9.52% 75

NN 13.5% 108

SVM with PCA 7.41% 69
C5.0with PCA 42.3% 73
OC1with PCA 41.5% 72
HDR tree 3.37% 56
IHDR tree 3.97% 53

2The software failed whenwe usedthe original imageinput with dimension5362
3We have also experimentedthe samedata set using CART implementedby OC1. The performanceis signi cantly worse than those
reportedin the Tablelll.
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For a large sampletest, we performedan experimenton the FERET (Face RecognitionTechnology)faceimage
setfrom [34]. The FERET faceimage set was developedunderthe FERET project sponsoredy the US Army
ResearchLaboratory Not all of the imagesof the FERET project were available publicly due to the needto
keep someof the test sets.We usedthe front view imagesthat were made publicly available to us during our
participationwith blind FERET tests.It containsfaceimagesof 34 individuals, underdifferentlighting conditions
and expressionsEachpersonhadthreefaceimagesfor the purposeof training. The otherfaceimagewasusedfor
testing.

A facenormalizationprogramwas usedto translate scale,androtateeachfaceimageinto a canonicalimageof
88 rows and 64 columnsso that eyes are locatedat prespeci edpositionsas shovn in Fig 10.

To reducethe effect of backgroundandnon-facialareasjmagepixels areweightedby a numberthatis afunction
of the radial distancefrom the image center Further the imageintensity is masled by a linear function so that
the minimum and maximumvaluesof the imagesare 0 and 255 respectiely. Fig 10 shawvs the effect of sucha
normalizationprocedure.

A summaryof comparisonis listed in Table V. Notice that the training time is measuredor the total time to
train the correspondingystem.The testingtime is the averagetime per query To make a fair comparisontraining
andtestingtimesfor the PCA areincludedin C5.0with the PCA, OC1 with the PCA, and CART with the PCA.
As shown, noneof theseexisting decisiontreescan dealwith the FERET setwell, not even the versionsthat use
the PCA as a preprocessingtep. The batchversionof the proposedalgorithm (HDR) tree shareshe sameerror
rateasthe IHDR tree. The HDR treeis fasterthanthe IHDR in both training andtesting.This is becauseve ran
several epochsfor the IHDR treeandthe IHDR tree hasmoreredundaninformationinside.

Fig. 10. The demonstratiorof the imagenormalizationprocess(a), (e) The original imagefrom the FERET dataset. (b), (f)
The normalizedimage.(c), (g) The masled image.

In orderto displayhow the IHDR treecornverges,Fig 11 shows the errorratesvs. epochplot. Eachepochmeans
that the training setis fed into the algorithm once,oneimageat a time. As can be seen,the resubstitutionerror
rate corvergesto zero at the 5th epoch.The testingerror rate reachesero at 6th epoch.

C. Autonomoushavigationby a robot

All of the tasksabove are classi cation tasks. We presentthe result for a regressiontask. Our vision-based
navigation systemacceptsan inputimage, X , and outputsthe control signal, C, to updatethe headingdirection of
thevehicle.The navigatorcanbe denotedby a functionf thatmapstheinputimagespaceX to controlsignalspace
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THE PERFORMANCE OF DECISION TREE FOR THE FERET TEST
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Method Error rate Time (sec)
Training | Testing | Training | Testing
CART 10% 53% | 2108.00| 0.029
C5.0 41% 41% 21.00 0.030
ocC1 6% 56% | 2206.00| 0.047
CART with PCA 11% 53% 10.89 0.047
C5.0with PCA 6% 41% 9.29 0.047
OC1 with PCA 5% 41% 8.89 0.046
HDR tree 0% 0% 12.25 0.027
IHDR tree 0% 0% 2341 0.041
0.1
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0.08f |
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Fig. 11. The performanceplot of the FERET facetest1. The plot of errorratevs. numberof epochsThe “Resub” line means
the resubstitutionerror rate. The “Test” line representshe testingerror rate.

C. The learningprocessof the autonomousavigation problemcanthen be realizedas a function approximation.
This is a very challengingtask sincethe function to be approximateds for a very high-dimensionainput space
andthe real applicationrequiresthe navigatorto performin real-time.

We appliedour algorithmto this challengingproblem.Someof the exampleinput imagesare showvn in Fig 12.
As canbe seenin the images,surfacespecularity oor tile patternsyariousdoorsandwindows alongthe straight
sectionsandturning cornersposean extremelychallengingcomputetrvision taskfor traditionalvision systemsQOur
methodusesthe entire imagedirectly and the featurebasisvectorsof subspacesre automaticallyderived online
insteadof manuallydesignedff-line. Totally, 318 imageswith the correspondindgieadingdirectionswere usedfor
training. Desiredheadingdirection,which mustkeepthe robotin the centerof straighthallwaysandturn properly
at 6 kinds of cornerswasrecordedonline at eachtime. The resolutionof eachimageis 30 by 40. We usedthe other
204 imagesto test the performanceof the trained system.Fig. 13 shows the maximumerror ratesand the mean
error ratesversusthe numberof training epochs Both the maximumerror andthe meanerror corverge aroundthe
15th epoch.Fig. 14 gives plots of the histogramsof the error ratesat differentepochs.As showvn, even after the
rst epoch,the performanceof the IHDR treeis alreadyreasonablygood dueto our coarse-to- neapproximation
schemeusingthe tree. With the increaseof the epochswe obsened the improvementof the maximumerror and
meanerror Theimprovementstoppedat the 15th epochbecausehe algorithmdid not usearny new training samples
in that epochand the systemhasperfectly t the existing training dataset. Our test on a real mobile robot has
shown that a systemof suchan error level of epoch5 can navigate the robot very reliably for hours even with
passers-byintil the on boardbatteriesare exhausted.

We alsocompareour experimentakesultswith two arti cial neuralnetworks (ANN) with a consideratiorthatthe
pattern-by-patterraining modeof arti cial neuralnetworks is also an incrementallearningmethod.A two-layer
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Fig. 12. A subsetof imagesusedin autonomousavigation problem.The numberright belov the image shavs the needed
headingdirection (in degrees)associatedvith thatimage.
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Fig. 13. Error ComparisonamonglHDR, FF and RBF for Vision-BasedNavigation. (a) The plot for maximumerror rates
vs. epochs.(b) The plot for meanerror ratesvs. epochs.The solid line representshe error ratesfor resubstitutiontest. The
dashedine representshe error ratesfor the testingset.

feed-forward (FF) network and a radial basisfunction (RBF) network were usedto train andtestfor the mapping
from the image spaceto control signal spaceusing the samedataset as usedin our IHDR tree algorithm. The
resultsarelisted in Table VI which shaws that the meanerror of FF was 60% larger (2:00=1:25 = 1:6) thanthat
of IHDR while that of RBF was 47% larger. The maximumerror of IHDR was slightly larger, but the difference
was not signi cant to drawv a generalconclusionhere.

D. For datawith manuallyextractedfeatues

We have also further investigatedhow our IHDR algorithm performson lower dimensionalreal data, suchas
thosepublicly availabledatasetsthatusehumande ned featuresWe testedour algorithmon two publicly available
datasets,andwe reportthe comparisorresultsfor thesedatasets.
1) Letterimagerecognitiondata: Thereare 26 classeswhich correspondo 26 capital letters.Eachsamplehas
16 numericfeatures.15000sampleswere usedfor training and 5000 sampleswere usedfor testing.

2) Satellite image dataset:There are six decision classesrepresentingdifferent types of soils from satellite
images.Eachsamplehas 36 attributes. The training setincludes4435 samplesand the testing setincludes
2000samples.
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Fig. 14. The histogramsof the error rates.Plot (a), (b), (c), and (d) correspondto the histogramsat epoch1, 6, 11, 20,
respectiely.

We listed the resultsof our HDR and IHDR algorithmswith thosepublishedin the StatLogproject from [35]
as TablesVIlI and VIIl. For theselower dimensionaldata sets,the performanceof our IHDR tree algorithm is
comparablewith otherbestexisting ones.

VI. CONCLUSIONS

IHDR is an approximationfor fully automaticdevelopmentof an associatie cortex with bottom-up sensory
pathways, top-dovn motor projections.Various automatic,adaptie plasticitiesoccurin different cortical regions
(layers),cortical patchegnodes)and neurons(clusters).The proposedHDR techniqueis for the very challenging
7 simultaneousequirementshigh-dimensionalnputs, one-instancéearning,adaptationo increasingcomplexity,
avoidanceof local minima,incrementalearning,long-termmemory andlogarithmictime compleity. The proposed
IHDR techniqueis applicableto both regressionand classi cation problems.

We proposeto clusterin both outputandinput spacesClustersin the outputspaceprovide coarse-to- nevirtual
classlabelsfrom clustersin the input space Thus,discriminantanalysisis possible.To dealwith high-dimensional
input spacejn which somecomponentsre not very usefulandsomecanbe very noisy, a discriminatingsubspace
is incrementallyderived at eachinternalnodeof the tree. Sucha discriminantsubspacés especiallynecessaryor
high dimensionalnput space A size-dependerirobability-basedlistancemetric SDNLL is proposedo dealwith
large samplecasessmall samplecasesand unbalancedsamplecaseswhich occur at differentnodesat different
levels with differentobsenation richness.
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TABLE VI
THE PERFORMANCE FOR VISION-BASED NAVIGATION

Algorithm Mean error (degree) Max. error (degree)
Resubstitution| Testset | Resubstitution| Testset
FF 1.02 2.00 10 12
RBF 1.53 1.84 12 12
IHDR tree 0.00 1.25 0 13
TABLE VII

TEST RESULTS ON LETTER IMAGE RECOGNITION DATA

Algorithm Error rate Time (sec)
Training | Testing | Training | Testing
Alloc80 0.065 0.064 | 39575 ?
KNN 0 0.068 15 2135
** HDR tree 0 0.070 212.7 30
* |IHDR tree 0 0.072 1150 41
LVQ 0.057 0.079 1487 48
Quabisc 0.101 0.113 3736 1223
Cn2 0.021 0.115 40458 52
BayTree 0.015 0.124 276 7
Newld 0 0.128 1056 2
IndCart 0.010 0.130 1098 1020
Cc4.5 0.042 0.132 309 292
Dipol92 0.167 0.176 1303 80
Radial 0.220 0.233 ? ?
LogDisc 0.234 0.234 5062 39
Ac2 0 0.245 2529 92
Castle 0.237 0.245 9455 2933
Kohonen 0.218 0.252 ? ?
Cal5 0.158 0.253 1033 8
Smart 0.287 0.295 | 400919 184
Discrim 0.297 0.302 326 84
BackProp 0.323 0.327 | 277445 22
Bayes 0.516 0.529 75 18
Itrule 0.585 0.594 22325 69
Default 0.955 0.960 ? ?
Cascade 1.0
Cart 1.000

Our experimentalstudywith the syntheticdatahasshavedthatthe methodcanachieve nearBayesiaroptimality
for both low-dimensionaldataand high-dimensionabatawith low-dimensionaldata manifolds. With the help of
the decisiontree, the retrieval time for eachsampleis of logarithmic compleity making real-time performancea
reality even for high-dimensionalnputs. The output of the systemcan be both classlabel or numericalvectors,
dependingon how the systemtrainer gives the training data. The experimentalresultshave demonstratedhat the
algorithm can deal with a wide variety of samplesizeswith a wide variety of dimension.The presentedHDR
technigueenablesreal-time, online, interactie training where the numberof training samplesis too large to be
storedor to be processedn a batch,but the resultinglHDR tree doesnot needto storeall of the training samples.
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TABLE VIlI
TEST RESULTS ON SATELLITE IMAGE DATASET

Algorithm Error rate Time (sec)
Training | Testing | Training | Testing
KNN 0.089 0.094 2105 944
LVQ 0.048 0.105 1273 44
** HDR tree 0 0.108 2.36 0.41
Dipol92 0.051 0.111 746 111
Radial 0.111 0.121 564 74
Alloc80 0.036 0.132 63840 | 28757
* |IHDR tree 0 0.135 220 0.85
IndCart 0.023 0.138 2109 9
Cart 0.079 0.138 330 14
BackProp 0.112 0.139 72495 53
BayTree 0.020 0.147 248 10
Newld 0.067 0.150 226 53
Cn2 0.010 0.150 1664 36
C4.5 0.040 0.150 434 1
Cal5 0.125 0.151 764 7
QuabDisc 0.106 0.155 157 53
Ac2 ? 0.157 8244 17403
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