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Multibiometric systems, which consolidate or fuse multiple sources of biometric information, typically
provide better recognition performance than unimodal systems. While fusion can be accomplished at
various levels in a multibiometric system, score-level fusion is commonly used as it offers a good tradeoff between data availability and ease of fusion. Most score-level fusion rules assume that the scores
pertaining to all the matchers are available prior to fusion. Thus, they are not well equipped to deal with
the problem of missing match scores. While there are several techniques for handling missing data in
general, the imputation scheme, which replaces missing values with predicted values, is preferred since
this scheme can be followed by a standard fusion scheme designed for complete data. In this work, the
performance of the following imputation methods are compared in the context of multibiometric
fusion: K-nearest neighbor (KNN) schemes, likelihood-based schemes, Bayesian-based schemes and
multiple imputation (MI) schemes. Experiments on the MSU database assess the robustness of the
schemes in handling missing scores at different missing rates. It is observed that the Gaussian mixture
model (GMM)-based KNN imputation scheme results in the best recognition accuracy.
& 2011 Published by Elsevier Ltd.
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1. Introduction
Biometrics is the science of establishing human identity based
on the physical or behavioral attributes of an individual [1]. These
attributes include ﬁngerprints, face texture, iris, hand geometry,
voice, gait and signature. A biometric system is essentially a
pattern recognition system that operates by acquiring biometric
data from an individual, extracting a feature set from the acquired
data, and comparing this feature set against the template stored
in the database [2]. Multibiometric systems overcome many
practical problems that occur in single modality biometric systems, such as noisy sensor data, non-universality and/or lack of
distinctiveness of a biometric trait, unacceptable error rates and
spoof attacks, by consolidating multiple biometric information
pertaining to the same identity [3]. Biometric fusion can be
implemented at various levels, such as raw data level, image
level, feature level, rank level, score level and decision level.
Fusion at the score level is the most popular approach discussed
in the literature [2,3].
In score-level fusion, there are multiple biometric matchers.
Each biometric matcher generates a match score indicating the
proximity of the input biometric data (known as the probe) with
the template data stored in the database (known as gallery). Thus,
the set of scores pertaining to these matchers may be viewed as a
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score vector. Most techniques for score-level fusion are designed
for a complete score vector1 where the scores to be fused are
assumed to be available. These techniques cannot be invoked
when score vectors are incomplete.
Various factors can result in incomplete score vectors in
multibiometrics: (a) failure of a matcher to generate a score
(e.g., a ﬁngerprint matcher may be unable to generate a score
when the input image is of inferior quality); (b) absence of a trait
during image acquisition (e.g., a surveillance multibiometric
system may be unable to obtain the iris of an individual);
(c) sensor malfunction, where the sensor pertaining to a modality
may not be operational (e.g., failure of a ﬁngerprint sensor due to
wear and tear of the device); or (d) during enrollment, all the
necessary biometric traits may not be available.
When encountering missing data, score-level fusion schemes
may have to process the incomplete score vector prior to applying
the fusion rule. Deletion methods, which omit all incomplete
vectors, can result in biased results when complete cases are
unrepresentative of the entire data [4–6], and are not suitable for
use in biometric systems [7]. Certain ‘‘strong’’ decision tree
methods, such as dynamic path generation [8] and the lazy
decision tree approach [9,10], can utilize only the observed
information without any deletion or replacement. However, the

1
Here, the elements of the vector are the scores generated by the individual
matchers.
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process of growing a decision tree is computationally expensive,
and requires relatively large number of training examples.
Imputation methods, on the other hand, which substitute the
missing scores with predicted values are better since (a) they do
not delete any of the score vectors which may contain useful
information for identiﬁcation, and (b) their application can be
followed by a standard score fusion scheme.
Certain simple imputation schemes that make some assumptions
about the underlying distributions or models of the complete data,
such as mean or median imputation, regression-based imputation
and Hot-Deck imputation, can perform well when the fraction of the
missing data is not large, but their shortcomings, such as the
overestimation of association among variables2 and the variance
reduction within a variable, have to be considered [11,12].
Some complex imputation methods, such as Neighbor-based
schemes (e.g. K-nearest neighbor (KNN)), likelihood-based
schemes (e.g. multivariate normal models (MNs) and Gaussian
mixture models (GMMs)), Bayesian-based schemes (e.g. Bayesian
network (BN) [13] and Markov chain Monte Carlo (MCMC)) and
multiple imputation (MI) schemes, have earned signiﬁcant attention during the last decade. Some tools and packages based on
these schemes have been built and implemented as standard
methods in some research ﬁelds. However, they have received
limited attention in the biometric literature.
The goal of the paper is to analyze whether these imputation
methods are useful in the context of missing data in biometric
fusion. While most imputation methods covered in this work are
based on existing literature, they have not been suitably appropriated into the framework of multibiometric fusion. The discussion about these methods will be based on the matching
performance after the application of a particular biometric fusion
rule known as the simple sum rule.
The remainder of this paper is organized as follows. Section 2
introduces the approaches suggested in the literature for dealing
with the missing data problem. The design of experiments which
considers constraints and criteria in the context of biometrics is
described in Section 3. The details of imputation schemes
employed in this work are described in Section 4. The experiments and ensuing results of the different schemes are discussed
in Section 5. Closing comments are provided in Section 6.

2. Related work
Various taxonomies have been developed to distinguish imputation methods. In most cases, an imputation method can only perform
well under some speciﬁc assumptions either about the entire data or
the missing variables. According to these assumptions, imputation
methods can be grouped into three families: (a) the parametric
family, such as the multivariate normal model, which is the most
common assumption employed [12,14–16]; (b) the non-parametric
family, such as the KNN scheme [17], the Hot-Deck scheme [18], and
the kernel extension based schemes [19]; (c) the semi-parametric
family, such as schemes based on GMMs [20–22], that allow for
controlling the trade-off between parsimony of sample size and
ﬂexibility of model assumption. Particularly, the multivariate imputation by chained equations (MICE) schemes [23–25], which estimate
the parameters under the multivariate normal assumption and then
search the imputed value by nearest neighbor methods, combine
aspects of the parametric family and the non-parametric family.
Additionally, according to the number of predictions generated
for one missing value, the imputation methods can be divided into
2
Each variable pertains to the scores corresponding to a single matcher. In
some cases, ‘‘variables’’ are referred to as ‘‘attributes’’.

single imputation schemes and multiple imputation schemes. The
single imputation schemes replace a missing value with a single
predicted value that cannot reﬂect the uncertainty about that
value. Multiple imputation is preferred when there are concerns
about the accuracy and error bounds of the imputed values
[11,25–27]. In multiple imputation schemes, appropriate models
that account for the random variation in data are used and the
imputation process is repeated several times. Then Rubin’s Rules
[27] are employed to combine these imputed values together to
get a statistically valid estimation.
The speciﬁc process, which generates the imputed values for a
particular incomplete vector, is the critical component of an
imputation method. With this understanding, various imputation
methods can be assorted into three categories:

 Regression-based schemes, where a linear or logistic regression is




used to obtain the imputation of the missing variables (as
responses) by the observed variables (as predictors) [15,24,28].
Neighbor-based schemes, where a certain distance function is
used to ﬁnd the ‘‘closest’’ vector(s) imputation [17,18,23,29].
Here, the ‘‘closest’’ vector(s) are excepted to have similar
characteristics as the incomplete vector.
Sampling-based schemes, which are based on sampling algorithms such as Gibbs sampler and MCMC approaches, generate
speciﬁc values based on the assumed model of the complete
data [11,16,27]. Sampling-based schemes are frequently used
in multiple imputation schemes, because the generated random samples always include intrinsic variation and uncertainty, as required by the MI schemes.

The problem of missing scores has recently received some
attention in the biometric literature. Nandakumar et al. [30]
designed a Bayesian approach utilizing both ranks and scores to
perform fusion in an identiﬁcation system. Instead of substituting
the missing score(s) of the missing vector by the predicted score(s),
the proposed method handles missing information by assigning a
ﬁxed rank value to the marginal likelihood ratio corresponding to
the missing entity. As the result, the approach dealing with missing
data does not need much change to their proposed rank-based
fusion method. Fatukasi et al. [7] compared several simple imputation schemes, like zero imputation, mean imputation, KNN imputation and three different variants of the KNN schemes. An exhaustive
fusion framework was designed for combining all possible combinations of available scores. The disadvantage of this framework is its
exponential complexity as 2k 1 rules are required to cover a
multibiometric system with k modalities. Poh et al. [31] discussed
an approach using support vector machines (SVM) with the neutral
point substitution method. The experiments based on a multimodal
data set demonstrated a better generalization performance than the
sum rule fusion. However, the proposed method is strongly related
to a particular training framework, viz., the SVM framework, and
may not be applicable to other fusion schemes. Ding and Ross [32]
used the Hot-Deck sampling method in conjunction with the GMM
scheme to impute missing score values in a multimodal fusion
framework employing the simple sum rule. Their experiments
suggested the utility of the scheme under certain conditions.

3. Design of experiments
3.1. Database
The Michigan State University (MSU) database used in this
study contains 500 genuine and 12,250 imposter score vectors.
Take the ith score vector as an example; it is a 3-tuple: ðxi1 ,xi2 ,xi3 Þ,
where xi1, xi2 and xi3 correspond to the match scores obtained
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from face, ﬁngerprint and hand-geometry matchers, respectively.
The details of the database have been described by Ross and Jain
[33]. The ﬁngerprint and face data were obtained from user set I
consisting of 50 users. Each user was asked to provide ﬁve face
images and ﬁve ﬁngerprint impressions (of the same ﬁnger). This
data was used to generate 500 (50  10) genuine scores and
12,250 (50  5  49) imposter scores for each modality. The hand
geometry data was collected separately from user set II which
also consists of 50 users. This also resulted in 500 genuine scores
and 12,250 imposter scores for this modality. Each user in set I
was randomly paired with a user in set II. Thus the corresponding
genuine and imposter scores for all three modalities were available for testing.
It should be noted that the scores obtained from the face and
hand-geometry matchers are distance scores, and those obtained
from the ﬁngerprint matcher are similarity scores. The ﬁngerprint
scores are converted into distance scores by subtracting from a
large number (1500 in our experiments).
It should also be noted that the sample sizes of genuine scores
and imposter scores are highly imbalanced in this database. Byon
et al. [34] demonstrate that when the class sizes are highly
imbalanced, classiﬁcation methods tend to strongly favor the
majority class, resulting in very low detection accuracy of the
minority class. In order to simplify the problem and retain
generality, the proportion of genuine scores and imposter scores
is ﬁxed at 1:4 in this paper. This means a total of 500 genuine
scores and 2000 imposter scores are randomly selected from the
original database. Fig. 1 shows the density plot of the dataset and
the recognition performance of each modality.

3.2. Generation of missing data
In order to evaluate the performance of imputation methods,
missing entries were synthetically introduced into a complete
(that has no missing data) match score matrix. There are two
different ways that are widely used to introduce missing data: the
histogram-based scheme and the rate-based scheme [35].
In the histogram-based scheme, histograms are produced for
each variable, and then entries are removed from the complete
matrix based on these histograms. In this case, the histogram of
the artiﬁcially missing entries will be similar to that of the
original matrix. In the rate-based scheme, a speciﬁc proportion
of the entries is randomly selected and then removed from the
complete score matrix.
The former cannot be used in this work because the histograms or the estimates of densities are also used by some of the
imputation methods, such as the GMM-based methods. If the
histogram from the original score matrix ﬁts the model assumed
by the imputation method, the artiﬁcially missing data will also
ﬁt the assumed model well. Consequently, the imputation
method will result in an optimistically biased performance.
Therefore, the rate-based scheme was used to generate missing
data in the following experiments.
Fig. 2 illustrates the construction of training sets and test sets
used in this study. Fifty percent of the score vectors were ﬁrst
randomly selected from the dataset as the training set. The
proportion of genuine scores to imposter scores was set to 1:4.
The remaining score vectors were used as the test set. Next, for
each modality, 10% of the scores were randomly removed from
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Fig. 1. Density plots of the genuine and imposter scores in the raw training set. Here, 50% of the dataset is used as training data. (a) Face, (b) ﬁngerprint, (c) hand-geometry,
(d) after fusion.
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Fig. 2. Generation of the datasets used in the experiments. In this illustration, 50% of the dataset is used as training data, and a missing rate of 10% is speciﬁed for the
test set.

the test set, in order to simulate missing data while making sure
that each observation contained at least one observed score. As a
result, a dataset with 50% of the observations as the training set
and a 10% missing rate for the test set was generated.
Two different sizes for the training set, that were 10% and 50%
of the entire dataset, were used for comparison. Similarly, two
missing rates, 10% and 25%, were speciﬁed for the test sets. As a
result, four different datasets encompassing different training
rates and missing rates were generated.
In this work, K-fold cross-validation was used to account for
the variability due to the random selection of the training sets. For
example, when the training rate is 10%, the original data set is
randomly divided into K¼ 10 folds. Similarly, if the training rate is
50%, then K ¼2. The scores generated over multiple folds are used
to compute the ROC curve.

3.3. The nature of missing data
Rubin [36] deﬁnes a taxonomy for different patterns of missing
data:

 Missing completely at random (MCAR): The probability of an
observation being missing does not depend on the value of the
observed or unobserved data. In mathematical terms, this is
written as:
PrðX m 9X mis ,X obs Þ ¼ PrðX m Þ,
m



ð1Þ
3

mis

and
where X denotes the missingness mechanism, and X
Xobs denote the unobserved part and observed part, respectively. For example, if a participant decides whether or not to
answer a question in a survey on the basis of coin ﬂips, the
missing data in this survey would conform to MCAR.
Missing at random (MAR): the missingness mechanism does not
depend on the unobserved data; rather, it depends only on the
observed data. For example, in a medical test, if the blood work
for a patient is conducted only if the temperature and blood
pressure exceed certain thresholds, then the data related to the
blood work will be missing for some patients. Mathematically,
PrðX m 9X mis ,X obs Þ ¼ PrðX m 9X obs Þ:

ð2Þ

 Missing not at random (MNAR): When neither MCAR nor MAR
hold, we say that the data are missing not at random,
3
In statistics, the cause for the missing data is referred to as missingness
mechanism.

abbreviated as MNAR. In other words, the mechanism of
missing data depends on the unobserved data. For example,
high income people are more likely to refuse to answer survey
questions about income, thereby resulting in missing data
pertaining to the income.

In this work, since missing data are synthetically generated by
randomly removing entries from a complete dataset, the datasets
appear to conform to the MCAR scenario.

3.4. Constraints in biometrics
In a standard classiﬁcation problem, there are three possibilities involving missing data: (1) both training set and test set
contain missing data; (2) only training set contains missing
data; or (3) only test set contains missing data. In the context
of biometrics, a ﬁxed and complete training set is preferred
because (a) imputation is based on this ﬁxed set rather than a
dynamically changing set, and (b) one can easily handle both
complete and incomplete score vectors in the test set. Some
recent research in biometrics discuss the challenges caused by a
dynamically changing training set [37]. However, in most current
biometric systems the training set is a ﬁxed set as assumed in this
work. Therefore, the computation of densities, nearest neighbours
and regression coefﬁcients is based on complete ﬁxed
training sets.
In the test set, the assumed independence among score vectors
allows the biometric system to see only one score vector at a time.
The constraint requires a vector-by-vector imputation process
rather than a batch process where all missing scores corresponding to all incomplete vectors are imputed at the same time. With
this understanding, only the observed part of this score vector and
the training set can be used to perform the imputation. Any
information from the other independent vectors cannot be
incorporated.
Unlike the missing data problem in Gene-expression or other
data mining applications where usually a large number of variables are used, most multibiometric systems discussed in the
literature have fewer than ﬁve modalities. Therefore, exhaustive
methods that consider all possible combinations of missing
patterns, such as the exhaustive fusion framework [7], are likely
to be useful in multibiometrics. On the other hand, some
imputation methods like Bayesian network (BN) [13] which
require more variables to compute probabilistic relationships
between them, might be inefﬁcient in a biometrics environment.
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Table 1
Imputation methods and related tools used in this paper.
Imputation methods

Related tools

K-nearest neighbor (KNN)
Maximum likelihood estimation in multivariate normal data (MLE-MN)
Random draw imputation via gaussian mixture model (GMM-RD)
KNN imputation via Gaussian mixture model (GMM-KNN)
Predictive mean matching (PMM)
Multiple imputation via Markov chain Monte Carlo (MI via MCMC)
Multivariate imputation by chained equations (MICE)

Implemented in R code
Package ‘‘mvnmle’’ in R with modiﬁcation
Package ‘‘mclust’’ in R with modiﬁcation
Package ‘‘mclust’’ in R with modiﬁcation
Package ‘‘mice’’ in R
The MI procedure in SAS
Package ‘‘mice’’ in R

Table 2
Properties of the imputation methods considered in this paper.
KNN MLE- GMM- GMM- PMM MI via
MN
RD
KNN
MCMC
Model
assumption

Nonparametric
Semiparametric
Imputation
process

Number of
imputation

O

Parametric
O

O

O

O
O

Regressionbased
NeighborO
based
Samplingbased

O

O

O

Single
imputation
Multiple
imputation

O

MICE

O
O
O

O
O

4. Description of imputation methods

O
O

O

4.1. Notation

O
O

O

3.5. Design of experiments
Table 1 shows seven different imputation schemes discussed
in this work, and the related tools or packages used in the
experiments. Table 2 shows the properties of each imputation
scheme. Three factors, viz., model assumption, imputation process and the number of imputations, are considered. Based on this
table, it is difﬁcult to test the interaction between different
factors, so this work focuses on testing the main effect of each
factor. Experiments are implemented in four different groups
based on the property of the schemes:
1.
2.
3.
4.

be increased (or decreased) by the imputation is more critical
than the similarity between the missing values and the imputed
values in biometrics. So the use of imputed data should result in
comparable matching performance to that of the original data
containing no missing scores.
The min–max normalization scheme followed by the simple
sum of scores has been observed to result in reasonable improvement in matching accuracy of a multimodal biometric system [2].
This scheme was used to generate ROC curves to summarize the
fusion results of various imputation methods.

MLE-MN vs. PMM
GMM-RD vs. GMM-KNN
PMM vs. KNN vs. GMM-KNN
MI via MCMC vs. MICE

Receiver operating characteristic (ROC) curves are used to
evaluate performance at multiple training set sizes and
missing rates.
3.6. Criteria in biometrics
As stated by Marker et al. [38], two major criteria should be
employed in assessing the performance of imputation methods:
ﬁrstly, a good imputation method should preserve the natural
relationship between variables in a multivariate dataset (in our
case, the variables correspond to scores originating from multiple
matchers); secondly, a good imputation method should embody
the uncertainty caused by the imputed data by deriving variance
estimates.
These two criteria are applicable for imputation in a biometric
score dataset. Additionally, the matching accuracy which might

In the context of multimodal biometric systems, a user i offers
p biometric modalities. The system will generate a vector of match
scores, xi ¼ ðxi1 ,xi2 , . . . ,xip Þ, where each match score corresponds to
one modality. Suppose that there are n users, then the score
matrix with n observations and p variables can be written as:
1
0 1 0x
x12 . . . x1p
x1
11
B
B x2 C B x21 x22 . . . x2p C
C
B C
C,
D¼B C¼B
C
^
^
x
^
@ ^ A B
ij
@
A
xn1 xn2 . . . xnp
xn
where xij denotes the match score from the jth modality of the ith
user. Similarly, the training set can be expressed as Dtr.
If there is no missing data, the conventional fusion techniques
can be implemented on each observation (row) separately. Any
observation xi containing missing scores can be written in the
mis
form ðxobs
Þ, where xobs
and xmis
, respectively, denote the
i ,xi
i
i
observed and missing variables (i.e., scores) for observation i.
The missing values xmis
can be replaced with the imputed value
i
ximp
using the schemes considered below. For certain schemes, it
i
is more clear to express the p different modalities of the score
matrix as D ¼ ðX1 ,X2 , . . . ,Xp Þ, and note here that the uppercase X
is used.
Different multivariate distributions will be assumed in the
following schemes. Let Y denote all the parameters to be
estimated in a particular model. Take the MLE scheme as an
example. The dataset D will be assumed to have a p-variate
normal distribution with mean l ¼ ðm1 , . . . , mp Þ and covariance
matrix S, so here Y ¼ ðl, SÞ corresponds to the parameters of the
multivariate normal distribution. Since several schemes use
iterative algorithms for estimation, let t denote an iteration
counter, and then YðtÞ denotes all the parameters to be estimated
at the tth iteration.
4.2. K-nearest neighbor imputation
In a classical KNN imputation, the missing values of an
observation are imputed based on a given number of instances
(k) in Dtr that are most similar to the instance of interest.
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A measure of distance d between two instances should be
determined. In this work, a Euclidean distance function is considered. Let xi and xj be two observations; then d is deﬁned as:
X
ðxih xjh Þ2 ,
ð3Þ
dðxi ,xj Þ ¼
h A Oi \Oj

where Oi ¼ fh9the hth variable of the i th observation is observedg.
In other words, only the mutually observed variables are used to
calculate the distance between observations.
The KNN algorithm is described as follows:
(1) For each observation xi , apply the distance function d to ﬁnd
the k nearest neighbor vectors in the training set Dtr;
(2) The missing variables xmis
are imputed by the average of the
i
corresponding variables from those k nearest neighbors.
KNN imputation does not require the creation of a predictive
model for each variable, and so it can easily treat instances with
multiple missing values. However, there are some concerns with
respect to KNN imputation. Firstly, which distance function
should be used for a particular dataset? The choice could be
Euclidean, Manhattan, Mahalanobis, Pearson, etc. In this work the
Euclidean distance is employed. Secondly, the KNN algorithm
searches through the entire dataset looking for the most
similar instances, and can therefore be a very time consuming
process. Thirdly, the choice of k will impact the results. The choice
of a small k may produce a deterioration in the performance of
the classiﬁer after imputation due to overemphasis on a
few dominant instances in the estimation process of the
missing values. On the other hand, a neighborhood of large size
would include instances that are signiﬁcantly different from
the instance containing missing values thereby impacting the
estimation process, and the classiﬁer’s performance declines.
According to our analysis (not shown here), we found k¼ 5 to
provide the best imputation accuracy on our relatively small
dataset.

4.3. Imputation via the MLE in multivariate normal data
The imputation scheme using the MLE with a multivariate
normal assumption (MLE-MN) was ﬁrst described by Dempster
et al. [39] in their inﬂuential paper on the EM algorithm. The
key idea of EM is to solve a difﬁcult incomplete-data estimation
problem by iteratively solving an easier complete-data problem.
Intuitively, ‘‘ﬁll’’ in the missing data with the best guess under
the current estimate of the unknown parameters (E-STEP),
then re-estimate the parameters from the observed and
ﬁlled-in data (M-STEP). An overview of EM has been given in
[12,16,40].
In order to obtain the correct answer, Dempster et al. [39]
showed that, rather than ﬁlling in the missing data values per se,
the complete-data sufﬁcient statistics should be computed in
every iteration. The form of these statistics depends on the model
under consideration. With the assumption of K-variate normal
distribution, the hypothetical complete dataset D belongs to the
P
P
regular exponential family. So ni¼ 1 xik and ni¼ 1 xik xij are sufﬁcient statistics of samples from this distribution ðj,k ¼ 1, . . . ,KÞ.
The modiﬁed tth iteration of E-STEP can then be written as:
!
n
n
X
X
ðtÞ
E
xik 9Dtr ,xobs
xðtÞ
, k ¼ 1, . . . ,K,
¼
i ,Y
ik
i¼1

E

n
X
i¼1

i¼1

!
ðtÞ
xik xij 9Dtr ,xobs
i ,Y

¼

n
X

ðtÞ
ðxðtÞ
xðtÞ þ cijk
Þ,
ik ij

i¼1

where
(
xðtÞ
¼
ik

xik
ðtÞ
Eðxik 9Dtr ,xobs
i ,Y Þ

if xik is observed,
if xik is missing,

and
(
ðtÞ
cijk

¼

0

if xik or xij is observed,

ðtÞ
Covðxik ,xij 9Dtr ,xobs
i ,Y Þ

if xik and xij are missing:

Missing values xik are thus replaced by the conditional mean of
xik given the set of values xobs
i , available for that observation.
These conditional means and the nonzero conditional covariances
are easily found from the current parameter estimates by sweeping the augmented covariance matrix so that the variables xobs
are
i
predictors in the regression equation and the remaining variables
are outcome variables.
The M-STEP of the EM algorithm is straightforward and is a
standard MLE process, i.e.,

mkðt þ 1Þ ¼
ðt þ 1Þ
jk

s

n
1X
xðtÞ ,
n i ¼ 1 ik

k ¼ 1, . . . ,K,

ð4Þ

!
n
X
1
tr obs
¼ E
xik xij 9D ,xi
mðtk þ 1Þ mjðt þ 1Þ :
n
i¼1

ð5Þ

The algorithm will iterate repeatedly between the two steps
until the difference between covariance matrices in subsequent
M-STEPs falls below some speciﬁed convergence criterion.
Although the classical EM algorithm will stop at this M-STEP, it
is straightforward to get the imputed values by performing the
E-STEP one more time, using the sweep operator [39] and the
regression equations with xobs
as predictors.
i
4.4. Imputation via the GMM estimation
As mentioned earlier, the MLE method is based on the multivariate normal assumption to determine the form of the likelihood function and sufﬁcient statistics. Although this assumption
is mild, an obvious violation of normality often happens in
biometrics because of the inherent discrimination between genuine and imposter scores.
Finite mixture models allow more ﬂexibility, because they are
not constrained to one speciﬁc functional form. As shown in Fraley
and Raftery [20], many probability distributions can be well
approximated by mixture models. At the same time, in contrast
to non-parametric schemes, mixture models do not require a large
number of observations to obtain a good estimate [41,21].
Let observations x1 , . . . ,xn be a random sample from a ﬁnite
mixture model with K underlying components in unknown
proportions p1 , . . . , pK . Let the density of xi in the kth component
be fk ðxi ; hk Þ, where hk is the parameter vector for component k. In
this case, Y ¼ ðp1 , . . . , pK ; h1 , . . . , hK Þ ¼ ðp, hÞ, and the density of xi
can be written as:
f ðxi ; YÞ ¼

K
X

pk fk ðxi ; hk Þ,

k¼1

P
where Kk ¼ 1 pk ¼ 1, pk Z 0, for k¼ 1,y,K.
Finite mixture models are frequently used when the component
densities fk ðxi ; hk Þ are taken to be p-variate normal distributions
xi  Np ðlk , Sk Þ, where the ith observation belongs to component k.
This model has been studied by Titterington et al. [42], and by
McLachlan & Basford [43]. Further details on the maximum likelihood estimates of the components of Y can be found in McLachlan and Peel [44].
When Gaussian mixture models are used in imputation, two
main steps will be essential: the density estimation using the
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GMM assumption and the imputation itself based on this estimated density.

In the M-step of the algorithm, the new parameters hðt þ 1Þ are
estimated from the sufﬁcient statistics of the complete data:

4.4.1. Density estimation using GMM
The EM algorithm of Dempster et al. [39] is applied to the
ﬁnite mixture model for density estimation. Let the vector of
indicator variables, zi ¼ ðzi1 , . . . ,ziK Þ, be deﬁned by:
(
1 if observation iA component k,
zik ¼
0 if observation i 2
= component k:

p^ ðtk þ 1Þ ¼

where zi , i ¼ 1, . . . ,n, are independently and identically distributed according to a multinomial distribution generated by a single
trial of an experiment with K mutually exclusive outcomes having
probabilities p1 , . . . , pK .
^ denote the maximum likelihood estimate of Y. Then each
Let Y
observation, xi , can be allocated to component k on the basis of the
estimated posterior probabilities. The estimated posterior probability that observation xi , belongs to component k, is given by:
^Þ
z^ ik ¼ prðobservation i A component k9xi ; Y
^
p^ f ðx ; h Þ
¼ PK k k i k
:
^
^
k ¼ 1 p k fk ðxi ; h k Þ

z^ ik 4 z^ ik0

k ak :
0

for k,k ¼ 1, . . . ,K

The EM algorithm consists of deﬁning an initial guess for the
parameters to be estimated, and iteratively estimating the parameters until convergence of the expectation step (E-step) and the
maximization step (M-step).
The E-step requires calculating the expectation of the loglikelihood of the complete data conditioned on the observed data
and the current value of the parameters:
ðtÞ
pk fk ðxobs
i ; hk Þ
:
ðtÞ
obs
k ¼ 1 pk fk ðxi ; hk Þ

ðtÞ
ðtÞ
z^ ik ¼ z^ ik ¼ Eðzik 9xobs
i ; Y Þ ¼ PK

That is, zik is replaced by z^ ik , the estimate of the posterior
probability that observation i belongs to component k. With this
estimate z^ ik , every component of our hypothetical complete data
can be considered as a member of the regular exponential family
with sufﬁcient statistics:
n
X

zik xij

and

i¼1

n
X
i¼1

So, the remaining calculations in the E-step are analogous to those
required in the standard EM algorithm for incomplete normal
data:
(
z^ ik xij ,
xij observed,
ðtÞ
;
h
Þ
¼
Eðzik xij 9xobs
ðtÞ
i
k
^z ik Eðxij 9xobs
xij missing:
i ; hk Þ,
ðtÞ
Eðzik x2ij 9xobs
i ; hk Þ ¼

8
< z^ ik x2ij ,

xij observed,

ðtÞ 2
ðtÞ
obs
: z^ ik ½ðEðxij 9xobs
i ; h ÞÞ þVarðxij 9xi ; h Þ,
k

k

xij missing:

For j a j0 ,
ðtÞ
Eðzik xij xij0 9xobs
i ; hk Þ

8
z^ ik xij xij0 ,
>
>
<
ðtÞ
obs
¼ z^ ik xij Eðxij0 9xi ; hk Þ,
>
>
ðtÞ
: z^ Eðx 9xobs ; h Þx 0 ,
ik

ij

i

k

ij

!
n
X
1
ðtÞ
ðtÞ
z^ ik xij 9xobs
E
;
h
,
i
k
np^ k
i¼1

!
n
X
ðt þ 1Þ
1
ðtÞ
ðt þ 1Þ ðt þ 1Þ
ðtÞ
obs
^
^
z ik xij xij0 9xi ; hk m^ kj m^ kj0 :
S kjj0 ¼
E
np^ k
i¼1

Although a mixture model has great ﬂexibility in modeling, a
restriction on the number of components K is still required
because, along with an increase in the number of parameters,
the estimation of these parameters from the training data might
imply a greater variance for each of the parameters. In this study,
the Bayesian information criterion (BIC) [45] is employed. The BIC
can be written as

^ 9xobs Þ is the maximized log-likelihood function given
where LðY
the observed data, nK is the number of parameters to be estimated
in the assumed model, and ntr is the number of observations in
training set. The target is to ﬁnd that nK which minimizes BIC, and
then a reasonable number of components K is obtained.

4.4.2. Two imputation methods via the GMM
With a reasonable density estimation method, various imputation schemes are possible. DiZio et al. [21] point out that for the
preservation of the covariance structure, the Random Draw (RD)
imputation process based on the GMM assumption (GMM-RD) is
preferable over the conditional mean method (introduced by
Nielsen [46]) based on the same model.
The estimates of the Gaussian mixture model parameters are
obtained as:
f ðxi ; YÞ ¼

K
X

pik Np ðxi ; lk , Sk Þ:

ð6Þ

k¼1

j,j0 ¼ 1, . . . ,K

zik xij xij0 ,

for k ¼ 1, . . . ,K,

^ 9xobs Þ þ nK logðntr Þ,
BIC  2LðY

and xi is assigned to component k if:
0

m^ ðtkj þ 1Þ ¼

n
1X
ðtÞ
z^
n i ¼ 1 ik

xij and xij0 observed,
xij observed, xij0 missing,
xij0 observed,xij missing,

In summary, if any value of xi is missing, it will be replaced by the
conditional mean of the corresponding variable, given the set of
0
values observed for that observation, xobs
i . When both xij and xij
are missing, the calculation will be:
ðtÞ
ðtÞ
ðtÞ
ðtÞ
obs
obs
obs
^
0
0
Eðzik xij xij0 9xobs
i ; hk Þ ¼ z ik ½Eðxij 9xi ; hk ÞEðxij 9xi ; hk Þ þCorðxij ,xij 9xi ; hk Þ:

In practice, the random drawing of a value xmis
from the
i
distribution of
9xobs
f ðxmis
i
i ; YÞ ¼

K
X

pik Np ðxmis
9xobs
i
i ; YÞ,

ð7Þ

k¼1

could be accomplished in two simple steps: First, draw a value k
from the multinomial distribution Multið1; p^ i1 , . . . , p^ iK Þ; then,
given k, generate a random value from the p-variate conditional
Gaussian distribution Np ðxmis
9xobs
i
i ; YÞ as the imputation of the
missing value.
The KNN imputation process can also be used based on the
GMM assumption (GMM-KNN). As a neighbor-based method, the
main principle of the GMM-KNN method is to ﬁnd the most
similar vectors as ‘‘donors’’ in the training set. However, if the
current training set is not large enough, only limited donors
would be available, and this will reduce the accuracy of imputation. In the experiments, a larger simulated dataset ðnsim ¼ 10ntr Þ
based on the estimates of the mixture model parameters is used
as the ‘‘imputation pool’’.
In this work, the Euclidean distance measurement d is employed
to ﬁnd the ‘‘nearest’’ donors for incomplete score vectors. Recall that
the distance measure d between two observations xi and xj has been

Author's personal copy
926

Y. Ding, A. Ross / Pattern Recognition 45 (2012) 919–933

deﬁned in Eq. (3). The GMM-KNN scheme can be summarized in the
following steps:
(1) Use the estimated parameters of GMM, Y, to simulate a
dataset Dsim, having a larger size than Dtr.
(2) For each observation xi , apply the distance function d to ﬁnd
k¼ 5 nearest neighbors in the simulated set Dsim.
(3) The missing variables xmis
are imputed by the average of
i
corresponding variables from the nearest neighbors taken
from Dsim.
4.5. Predictive mean matching (PMM)
Predictive mean matching (PMM) is an imputation scheme
that combines some aspects of parametric and non-parametric
imputation methods [47]. It imputes missing values by means of
the neighbor-based schemes, where the distance is computed on
the expected values of the missing variables conditioned on the
observed variables, instead of directly on the values of the
variables. In the PMM scheme, the expected values are computed
through a linear regression model, such as in the MLE-MN scheme.
(1) The parameters of a multivariate normal distribution are
estimated through the EM algorithm [27] using the training
data which is complete.
(2) Based on the estimates from EM, for each incomplete score
vector (recipient), predictions of the missing values are
computed conditioned on the observed variables. These predictions are not directly used as imputation values; rather,
they are used to compute the predictive means corresponding
to the missing values.
(3) Each recipient is matched to the donor having the closest
predictive mean with respect to the Mahalanobis distance,
which is deﬁned through the residual covariance matrix from
the regression of the missing entries on the observed ones.
(4) Missing values are imputed to each recipient by transferring
the corresponding values from its closest donor.

There are some options for choosing the appropriate model in
step (1). The Markov Chain Monte Carlo (MCMC) methods are used
in this work. In statistical applications, MCMC is used to generate
pseudo-random samples from multidimensional and otherwise
intractable probability distributions via Markov chains. Data augmentation (DA), originated by Tanner and Wong [49], is a very
effective tool for constructing deterministic models using the MCMC
technique, when a multivariate normal distribution is assumed.
The DA algorithm starts with the construction of the so-called
augmented data, xaug
, which are linked to the observed data via a
i
many-to-one mapping M : xaug
-xobs
i . A data augmentation
i
aug
aug
scheme is a model for xi , pðx 9yÞ, which satisﬁes the following
constraint:
Z
pðxaug
9YÞmðdxaug
Þ ¼ pðxobs
ð8Þ
i 9YÞ:
i
i
Mðxaug
Þ ¼ xobs
i
i

9YÞ, sampling from
With an appropriate choice of pðxaug
i
both pðY9xaug
Þ and pðxaug
9xobs
i , YÞ is much easier than sampling
i
i
directly from pðY9xobs
i Þ. Consequently, starting with an initial
value, Yð0Þ , a Markov chain can be formed as ðYðtÞ ,xaug,ðtÞ Þ,t 4 1
þ 1Þ
by iteratively drawing xaug,ðt
and Yðt þ 1Þ from pðxaug
9YðtÞ ,xobs
i Þ
i
i
aug,ðt þ 1Þ
and pðY9xi
Þ , respectively.
The two steps are iterated long enough for the results to be
reliable for a multiply imputed data set [16]. The goal is to have
the iterations converge to their stationary distribution and then to
simulate an approximately independent draw of the missing
values.
After obtaining m imputed data sets, the overall estimates are
computed using Rubin’s Rules [27]: the overall estimate is the simple
average of the m estimates, and the overall estimate of the standard
error is a combination of the within-imputation variability, W, and
the between-imputation variability, B:
 

1
T ¼ W þ 1þ
nB :
ð9Þ
m

4.7. Multivariate imputation by Chained Equations
Although the imputation based on distance function is more
robust than the imputation based on standard linear regression,
the asymptotic properties of the neighbor-based methods are no
longer guaranteed, because the measurement of distance used in
PMM is not from a non-parametric model but from the results of a
multivariate normal model. Thus, if the assumption is not appropriate, the performance is expected to be poor. Certain improved
PMM methods that use more generalized model assumptions
have been discussed in the literature [48].
4.6. Multiple imputation via MCMC
The primary shortcoming associated with the single imputation schemes discussed earlier – the inability to accommodate
variability/uncertainty – can be attenuated by MI schemes.
Proposed by Rubin [27], the MI scheme accounts for missing data
by restoring not only the natural variability in the missing data,
but by also incorporating the uncertainty caused by the estimation process. The general strategies of the MI scheme are as
follows:

Multivariate imputation by chained equations (MICE) is an
attempt to combine the attractive aspects of two schemes,
Regression-based imputation and Multiple imputation. A conditional distribution for the missing data corresponding to each
incomplete variable is speciﬁed by MICE. For example, the
distribution can be in the form of a linear regression of the
incomplete variables given a set of predictors, which can also be
incomplete. It is assumed that the joint distribution can be
factored into marginal distributions and conditional distributions,
and then iterative Gibbs sampling from the conditional distributions can generate samples from the joint distribution.
Recall the score matrix can be written as D ¼ ðX1 , . . . ,Xp Þ,
where each variable Xj may be partially observed, with
j ¼ 1, . . . ,k. The imputation problem requires us to draw from
the underlying joint distribution of D. Under the assumption that
the nature of missing data is MAR, one may repeat the following
sequence of Gibbs sampler iterations:
For X1 : draw X1t þ 1 from PðX1 9X2t ,X3t , . . . ,Xkt Þ
For X2 : draw X2t þ 1 from PðX2 9X1t þ 1 ,X3t , . . . ,Xkt Þ
...

(1) Impute missing values using an appropriate model which can
plausibly represent the data with random variation.
(2) Repeat this m 4 1 times to produce m completed data sets.
(3) Perform the analysis of the complete data.
(4) Combine the results of these analysis to obtain overall
estimates using Rubin’s Rules [27].

tþ1
For Xp : draw Xpt þ 1fromPðXp 9X2t þ 1 ,X3t þ 1 , . . . ,Xp1
Þ

Rubin and Schafer [25] show that if D is multivariate normal,
then iterating linear regression models like X1 ¼ X2t b12 þ X3t b13
þ    þ Xpt b1p þ e1 with e1  Nð0, s21 Þ will produce a random draw
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from the desired distribution. In this way, the multivariate
problem is split into a series of univariate problems.
5. Results and conclusion
5.1. MLE-MN vs. PMM
Both the MLE-MN and PMM schemes employ the estimates
obtained using the EM algorithm under the assumption of a

multivariate normal distribution. Although both of them belong
to the parametric class of methods, the imputation processes are
different. The MLE-MN scheme uses the regression coefﬁcients
from the ﬁnal M-Step of the EM algorithm to compute the
imputed values, while the PMM scheme relies on a distance
function to ﬁnd nearest neighbors.
In Fig. 3, the density plots after using the MLE-MN and the
PMM scheme demonstrate that PMM schemes are likely to
generate longer ‘‘tails’’ for both genuine scores and imposter
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Fig. 3. Comparison of density plots after using the MLE-MN and the PMM scheme at training rate: 50%; missing rate: 10%.
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Fig. 4. Comparison between the MLE-MN and the PMM scheme at multiple training set sizes and missing rates. (a) Training set: 10%; missing rate: 10%, (b) training set:
50%; missing rate: 10%, (c) training set: 10%; missing rate: 25%, (d) training set: 50%; missing rate: 25%.
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scores. So the overlap area between the two classes sharply
increases leading to a much inferior recognition performance.
Here, the degree of separation dos is deﬁned as follows:
dos ¼

Number of vectors whose scores are within the overlap
:
Number of all score vectors

According to the deﬁnition, the smaller the dos is, the better the
performance.
A similar observation can be made from the ROC curves in
Fig. 4. Here, the fusion performance with the original data

(labeled as ‘‘Fusion of Raw Data’’) and after generating the
missing data (labeled as "Fusion After Missing") are used as
baselines in the comparison. It is evident that the regressionbased method performs better than the neighbor-based method
under the same density model (multivariate normal). However,
the fusion performance after MLE imputation is lower compared
to that of the raw complete dataset. So a multivariate normality
test was conducted to determine whether the training set (at 50%
training rate) conforms to a multivariate normal distribution. The
E-statistic (energy) test was used for this purpose. The p-value
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Fig. 5. Comparison between the GMM-RD and the GMM-KNN schemes at multiple training set sizes and missing rates. (a) Training set: 10%; missing rate: 10%, (b) training
set: 50%; missing rate: 10%, (c) training set: 10%; missing rate: 25%, (d) training set: 50%; missing rate: 25%.
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Fig. 6. Comparison of density plots after using the GMM-RD and the GMM-KNN schemes with training set: 50%; missing rate: 10%.
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indicated that the data were not normally distributed.
This violation of normality in the training set results in the
obvious decrease in performance when using simple parametric
density models.
Comparing (c) and (d) in Fig. 4, it can be observed that utilizing
a larger size training set can reduce the impact on fusion
performance brought about by an increasing missing rate.

929

depended upon the component that was chosen. A slightly biased
value for k will cause an enormous deviation from the true
distribution corresponding to the missing score. In contrast, the
GMM-KNN scheme does not rely on the value k, but uses the
distance corresponding to the observed part to choose
the ‘‘closest’’ neighbors in the simulated data.
5.3. PMM vs. KNN vs. GMM-KNN

5.2. GMM-RD vs. GMM-KNN
From Fig. 5, both the GMM-RD and GMM-KNN schemes show
comparable performance with that of the raw complete dataset.
This can also be observed in Fig. 6. Both schemes have similar
looking density plots since they use the accurate parameters
estimated under the GMM assumption.
There is still some subtle differences in the fusion performance
due to the different imputation processes. In Fig. 6, it is observed
that the GMM-KNN imputation scheme results in a decreased
overlapping area between the two classes. One possible conclusion is that a good density model positively impacts the neighborbased imputation process.
Additionally, GMM-KNN shows consistently better performance than the sampling-based process, and the difference
becomes more noticeable when the training set is large (in
(b) and (d) of Fig. 5). The possible reason has to do with the
nuances of the imputation process of random sampling. Recall the
value k which was drawn from Multið1; p^ i1 , . . . , p^ iK Þ, that played a
critical role in the process, because the ﬁnal imputed value

The PMM, KNN and GMM-KNN schemes are all neighborbased methods, but the model assumptions are different. The
PMM scheme assumes a multivariate normal distribution of the
complete data, while the GMM-KNN scheme assumes a Gaussian
mixture model. The KNN scheme is a non-parametric method
with no strict model assumptions.
From Fig. 7, it is observed that the KNN method based on the
GMM assumption offers the best performance among the three
schemes at multiple training set sizes and missing rates.
From Fig. 8, it is observed that the KNN scheme did not retain the
shape of the genuine scores very well. The overlap area does not
decrease because both the tails of the genuine scores and imposter
scores are prolonged. Due to the presence of multiple peaks in the
score distribution, the GMM is a better choice for modeling.
5.4. MI via MCMC vs. MICE
Fig. 9 demonstrates that the multiple imputation via MCMC
scheme provides a much better performance than the MICE
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Fig. 7. Comparison between the PMM, KNN and GMM-KNN schemes at multiple training set sizes and missing rates. (a) Training set: 10%; missing rate: 10%, (b) training
set: 50%; missing rate: 10%, (c) training set: 10%; missing rate: 25%, (d) training set: 50%; missing rate: 25%.
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Fig. 8. Comparison of density plots between the raw test set and the imputation set after using the KNN scheme at training set: 50%; missing rate: 10%.
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Fig. 9. Comparison between the MI via MCMC and the MICE schemes at multiple training set sizes and missing rates. (a) Training set: 10%; missing rate: 10%, (b) training
set: 50%; missing rate: 10%, (c) training set: 10%; missing rate: 25%, (d) training set: 50%; missing rate: 25%.

scheme, even when the missing rate is high in (d). From Fig. 10,
it is observed that the density plots after applying the MI
via MCMC scheme has a very similar shape as that of the raw
test set.
The squared residuals between the original fusion scores (the
sample) and imputed scores (the estimated values) are computed
for the MI via MCMC scheme and the GMM-KNN scheme. The
sum of squared residuals of the MI via MCMC is less than that of

the GMM-KNN. This indicates that the imputed scores from the
MI via MCMC scheme are closer to the missing scores. However,
the overall recognition accuracy is more critical than the similarity between the missing values and the imputed values. Both ROC
curves and dos values indicate that a better recognition performance is offered by the GMM-KNN scheme.
Both MICE and MLE-MN schemes employ the parametric
model combined with regression-based imputation, and cannot
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Fig. 10. Comparison of density plots after using the MI via MCMC and the MICE schemes with training set: 50%; missing rate: 10%.
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Fig. 11. Comparison between the GMM-KNN and two variants of KNN schemes proposed by Fatukasi et al. [7], when the training set size is 50% and missing rate is 10%.
(a) Comparison with variant 1. (b) Comparison with variant 2.
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Fig. 12. Performances due to the original raw dataset and after applying the
GMM-KNN scheme on the individual modalities when the training set size is 50%
and missing rate is 10%.

yield a good imputed value while retaining the classiﬁcation
accuracy. The MICE, which averages the multiple imputed values
together, is observed to result in the worst performance. This is

Fatukasi et al. [7] compared various imputation methods
including zero imputation, mean imputation and three different
variants of the KNN schemes. In Fig. 11, the GMM-KNN scheme
proposed in our work is compared with the best two variants
reported by Fatukasi et al.
It can be observed that, although both the variants of Fatukasi
et al. provide an improved performance over the original KNN
scheme, the proposed GMM-KNN scheme gives the highest performance on the MSU dataset. Since the GMM-KNN scheme uses a
larger size dataset Dsim that is synthetically generated for the donor
pool, it has a better chance of selecting a ‘‘closer’’ nearest neighbor.
In Fig. 12, the performance of individual modalities are
summarized using ROC curves. The GMM-KNN method delivers
a low EER after fusion whilst simultaneously retaining the
original shape of the ROC curves of individual modalities. It can
also be noticed that among the three different modalities, the
ﬁngerprint is the most robust at various missing rates (not shown
in this ﬁgure). Therefore, assigning a comparatively larger weight
parameter to the ﬁngerprint during fusion can increase the
robustness of handling missing data for this dataset.
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6. Summary
The results in the previous sections indicate that there are certain
powerful imputation schemes, which can sustain the fusion performance at a high level when the missing rates are small. Speciﬁcally,
the GMM-based scheme performs better than the other models,
because it seems to capture the natural structure of the raw dataset.
Further, under the GMM assumption, the non-parametric imputation process is preferred over sampling-based schemes. The experiments also indicate that utilizing a larger training set can mitigate
the negative impact on performance at higher missing rates. On the
other hand, there are some imputation schemes whose performance
is not comparable to that of the raw (original) dataset; in fact a few
of them such as PMM result in worse fusion performance than that
of a single modality.
In the future, the robustness of the assumptions made for
every scheme will be further analyzed. This is expected to offer
additional guidance on how to choose appropriate imputation
methods for a particular dataset. Also, we are looking at ways to
combine the process of imputation with score normalization and
fusion. Finally, these experiments will be repeated on large
operational data sets using different fusion rules.
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