
CSE 331 Homework V

Due: Nov 21, 2017, in class. Please send your photocopy of homework papers to TA’s email address
liumanni@msu.edu before the deadline.

1. (30 points) Please show the progress of building the minimum spanning tree (MST) of the graph in
Fig. 1 by Kruskal’s algorithm.
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Figure 1: The weight of each edge is labeled.

2. (20 points) Prove that if all the weights in a graph G are distinct, then G has a unique MST.

Proof. Suppose there are two different MSTs: T1 and T2. Without loss of generality, we assume the edge
with the smallest weight in (T1 ∪ T2) \ (T1 ∩ T2) is ei and ei ∈ T1. Meanwhile, we assume ei connects the
vertices x and y. Since ei 6∈ T2 and T2 is a spanning tree, we know that there must exist a path P from
x to y in T2. Also, there must exist one edge ej ∈ P such that ej 6∈ T1, otherwise, P ∪ {ei} form a circle
in T1 which is impossible. Further, since ej also belongs to (T1 ∪ T2) \ (T1 ∩ T2), we know w(ej) > w(ei).
Thus, (T2 \ {ej})∪{ei} form a new spanning tree with the total weight smaller than that of T2. But this
is a contradiction, since T2 is MST. So T1 = T2, i.e., there is only one unique MST.

3. (20 points) We use greedy strategy to solve the activity selection problem: each time we select the
activity with the smallest finishing time and remove the activities which have overlap with it, then reduce
the problem to the sub-problem for the remaining activities. But if we have two CPUs instead, and we
still want to select as many as possible activities to process by these two CPUs, does this greedy strategy
still work? Similar to question 3, please explain your reason.

Solution: The optimal substructure property does not hold. Consider the following simple case: two
activities a1 = [1, 10) and a2 = [8, 12). Obviously, the optimal solution should be assigning a1 to CPU1
and a2 to CPU2. However, if we use the greedy strategy, after assigning a1 to CPU1, we have to delete
a2 (since a1 and a2 have overlap). In other words, we cannot claim that the optimal solution of the
sub-problems after greedy choice is part of the optimal solution of the global problem.

4. (30 points) Given a weighted graph, we can use kruskal’s algorithm to compute its MST within
θ(m log n) time, where m is the number of edges and n is the number of vertices. But consider a special
case: there are only two possible weights for all the edges (e.g., the weight could be either 1 or 2), can

1



we design a linear time (i.e., θ(n+m)) algorithm for MST? (hint: you may consider BFS).

Solution: Let the input graph be G. Also, we denote the sub-graph of G which only contains the weight
1 edges as G1. First, we run BFS on G1. Denote the output as H1. If H1 is a spanning tree, we are done.
Otherwise (i.e., H1 is a forest), we build a new graph G2, where each vertex indicates an individual tree
of H1, and for any two trees, if they are connected by a weight 2 edge, we connect their corresponding
vertices in G2 with a weight 2 edge too. Then, we run BFS on G2. Denote the output as H2. Obviously,
H2 should be a spanning tree rather than a forest (otherwise, G is not connected). Finally, for each edge
in H2, we also add it to H1 with weight 2, and the result is denoted as “H1 +H2” which is the MST of
G.

Since we just run BFS two times, the total time complexity is θ(n+m). See Fig. 2a-2f for an example.
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Figure 2: (a) is the input graph G, where brown edge indicates weight 1 and blue edge indicates weight
2; (b) is G1; (c) is H1; (d) is G2; (e) is H2; (f) is H1 +H2, i.e., the final MST of G.

5. (bonus for extra 20 points) Consider a generalization of the above question 5: there are t ≥ 2 possible
weights for all the edges (e.g., the weight could be 1, 2, ..., t), and we assume t is a small constant. Can
we design a linear time (i.e., θ(n+m)) algorithm for MST?

Solution: We generalize the idea for question 5: recursively run BFS t times, each time we build a
graph Gi and obtain the spanning tree or forest Hi. Finally, we output “H1 +H2 + · · ·+Ht”. The time
complexity is t× θ(n+m) = θ(n+m) since t is assumed to be a small constant.
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