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Curvatures, 
Invariants and How 
to Get Them Without 
(M)Any Derivatives
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Differential Geometry
Why do we care?

theory: special surfaces
minimal, CMC, integrable, etc.

computation: simulation/processing

Grinspun et al.
Desbrun

Grape (u. of Bonn)

Grinspun et al.
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Classical Notions
Curves

arclength parameterization

center of osculating (“kissing”) 
circle (also defines osc. plane)

tilt of plane is torsion

Euclidian motion invariant
uniquely characterizes curve!
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Surfaces
First fundamental form

parameterized surface

tangent vectors

tangent space



CSE 872 Fall 2011
5

First Fundamental Form
Measure stuff

angle, length, area
symmetric, bilinear form
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First Fundamental Form
Measuring area

areas in tangent space

no dependence on parameterization

discrete setting… easy
sum areas of triangles
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Geometry of the Normal
Gauss map

normal at point

consider curve in surface again
study its curvature at p
“tilting” of normal along the curve
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Shape Operator
Derivative of Gauss map

tangent space to itself

second fundamental form

local coordinates

linear map

self-adjoint
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Invariants
Mean and Gaussian curvature

determinant and trace only

eigen values and (ortho) vectors
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Curvatures
Integral representations

smooth setting
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Integral Representn.
Mean curvature

variation along a vector field
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Vector mean curvature
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Laplace
Surface over tangent plane

in eigen basis

Laplace-Beltrami
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Boundary Integrals
Area and mean curvature

volume gradient

another normal
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Discrete Versions
Just plug in

vector area (∇ Vol)
gradient w.r.t. vertex
cone neighborhood

mean curvature
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Gauss Curvature
Discrete version

only vertices have non-trivial K
triangles are flat, edges are half flat

area of spherical triangles…
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Steiner Polynomial
And now for a totally different view

consider convex polyhedron
Steiner:

vertices?
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Normal Cycle
Curvature tensor at vertices

for mesh: average over balls B

3x3! with one minimum eigenvalue
only use in tangent space
details in [Cohen-Steiner&Morvan]

Principal directions are exchanged!
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Principal Directions
Curvature tensor

project out normal direction
principal directions

eigen vectors
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Suggestive Contours
3 Methods

use mean curvature
use Gaussian curvature
use directional curvature with 
curvature tensor
interpolate, zero find, check 
whether minimum
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Geometric Flow (Area)
Minimize area energy

minimal surface
Hermann Schwarz, 1890 DiMarco, Physics, Montana
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Mean Curvature Flow
Laplace and Laplace-Beltrami

Dirichlet energy

on surface
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Parameterization
Harmonic function

from surface to region in R2

linear system
boundaries

Dirichlet/Neumann
Desbrun
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Bending Terms
Discrete Shells

membrane and bending strains

shell versus plate: initial 
configuration is curved


