CSE860 Exam

Due: 5 pm  March 19.

PART I.  Solve the following three problems.

1. Suppose that

(i) A and B are problems in P, 

(ii) C and D are in NP, 

(iii) E is NP-complete.

(iv) F is co-NP.

For each of the following questions, answer either

 "false"    (i.e., not necessarily true), 

 "true if NP = P", 

 always "true"  (i.e., regardless of the fact whether P = NP).  

For a problem X, XC refers to the complement problem of X.

Explain your answer in one sentence.

a) A is polynomial time reducible to AC.

b) D is polynomial time Turing reducible to DC.

c) F is polynomial reducible to E.

d) E is polynomial time Turing reducible to A.

e) E is polynomial time reducible to EC
f) A is in co-NP.

g) if 3SAT is polynomial time reducible to C,   C is NP-complete.

2. Solve 6.9.
3. Solve 6.3
PART II.  Select 4 and solve them.

4. Solve 5.2.
5. Solve  7.36
6. Consider the set cover problem. 

Instance: Set S and a collection C of subsets of S, and integer k 

Question: Does there exist a subset D of C such that D covers S and |D| <= k? 


     We say D covers S if for any element x in S, there is A in D such that x(A.

(a) Show that the set cover problem is NP-complete. You may assume that vertex cover, 3SAT etc. are NP-complete. 

(b) Suppose we have an oracle M which solves the instances of the set cover problem. Using the oracle M, describe a polynomial algorithm that finds the minimum size set cover for the instance. 
Demonstrate your algorithm with the following example. S = {{1,2,3,7}, {2,3,5}, {1,6,7}, {4,5,8}, {3,4,6}, {1,2,5,7,8}} and k = 3.

7. Let L = {<M> |  M with <M>  halts and output bigger than <M> }.

Show that L is not  decidable (Hint: use the recursion theorem).

8. Show that 2SAT is in P.

Idea: Note that a boolean expression (p + q) is equivalent to

(p' => q) and (q' => p), where p' and q' are not p and not q, respectively. 

Thus from a wff W of 2SAT, construct a graph GW such that for each clause (p+q), we construct arcs p'->q, and q' ->p. You need to prove that W is not satisfiable iff  GW has contradiction. (Hint: If there is a path, say for example p1 -> p2 -> p3, then it implies that p1 => p3. If there is a path p to p', p cannot be assigned true (why?). Therefore, if there is a path from p to p' and p' to p, then we have conflict.)

Demonstrate this idea with the following W:

W =(X1+X2) (X1-X2) (X2-X3) (X2-X5)( -X1 - X2) (-X1 -X3)
9. Ski Lift Problem

Michigan Ski Club took an annual ski trip to Breckinridge.  In Breckinridge Back Bowl, there is a lift named Marble.  It is a triple, that is, each chair of the lift carries up to three skiers together to the top of the hill.

The ride of the lift is rather long, and skiers want to avoid riding the lift with their foe.  However, as a ski guide,  you want to maximize the utilization of the lift capacity, that is, put three skiers for each chair of the triple.

You have come up with the following decision problem.

TRIPLE SKI LIFT PROBLEM

Instance: 3n Skiers. For each skier, a list of the skier's foes (can be empty).

Question: Can we put the 3n skiers in n chairs of the lift (triple) such that every skier do not 

                 share the lift with his/her foe?
Show that this problem is NP-complete.

Demonstrate your reduction with W=(x1+x2'+x3)(x1+x2'+x3').
