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Fig. 8. A redundant graph.

output in a subcritical set. The set of input lines to this node is
mazimally desensitized if the input values are such none of the inputs
are subcritical or in a subcritical set.

In Fig. 7, the input lines 4 and 5 to the AND node are maximally
desensitized. Under their present value of 0, the faults 4/1 and 5/1
capnot mask any fault in the present test. Therefore, they are
neither suberitical nor in a subcritical set. Hence, they are maximally
desensitized.

Maximal desensitization is desirable during test generation because
it reduces the number of subcritical lines and lines in a subcritical
set. It contributes to the inclusion of more critical values in a test
when reconvergent fan-out is encountered, as illustrated by the
example of Figs. 6 and 7.

VI. CONCLUSION

In this correspondence, we have given definitions for the equiva-
lence, dominance, and masking relations among faults in a graph.
We have also introduced a criticality measure which can represent
these relations. We have shown how these fault properties should be
identified and appropriate actions taken in generating test sets for
combinational networks.

The criticality measure is a helpful notation to use in a test
generating algorithm. It is different from that of the D-algorithm
[77]. The notations of D and D in the D-algorithm identify a sensitized
path. The notations of critical 1 and ciritical 0 also identify a sensitized
path, and, in addition, they prepresent faults that can be detected
in the network. For example, in Fig. 8, the D-algorithm would place
a D in all the lines with critical 1’s and also in lines 3 and 4 because
they are in the two-dimensional sensitized path from line 10 to line 1
although there are no detectable faults on these lines.

One big advantage of using the notation of critical 1 and critical 0
is that, after a test is generated, the critical values readily exhibit
the faults detected by this test. The author has already developed
an algorithm to generate test sets for combinational networks using
- the criticality measure [9], [10].
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A Branch and Bound Algorithm for Computing i-Nearest
Neighbors

KEINOSUKE FUKUNAGA axp
PATRENAHALLI M. NARENDRA

Abstract—Computation of the k-nearest neighbors generally re-
quires a large number of expensive distance computations. The
method of branch and bound is implemented in the present algorithm
to facilitate rapid calculation of the k-nearest neighbors, by eliminat-
ing the necesssity of calculating many distances. Experimental
results demonstrate the efficiency of the algorithm. Typically, an
average of only 61 distance computations were made to find the
nearest neighbor of a test sample among 1000 design samples.

Index Terms—Branch and bound, distance computation, hierar-
chical decomposition, k-nearest neighbors, tree-search algorithm.

I. INTRODUCTION

The k-nearest neighbor approach has been well investigated in
the literature, and shown to be a powerful nonparametric technique
for density estimation [17] and classification [2]. However, finding
the k-nearest neighbors of a test sample among N design samples
is a time-consuming process, particularly for large N.

Several forms of preprocessing have been proposed to minimize
the number of distance computations. For purposes of classification,
Hart [37] suggested condensing the design set while retaining most
of the samples yielding discriminatory information between classes.
Fischer and Patrick [4] proposed reordering the design. samples
in such a way that many distance computations could be eliminated.
However, the reordering of the design samples requires N (N — 1) /2
pairwise distance computations, which is quite expensive for large N.

This correspondence is concerned with an efficient procedure to
compute the k-nearest neighbors. The basic approach is first to
hierarchically decompose the design samples into disjoint subsets,
and then to apply to the resultant groups, the branch and bound
method [51-[7] which is_a powerful tree-search algorithm. The
results of several experiments on various data demonstrate con-
siderable computational savings.

II. THE SEARCH ALGORITHM

Let {X1,+++,Xx } be N, n-dimensional design samples. It is required
to compute the k-nearest neighbors of a test sample X among
{X1,°++,Xn}, as measured by an appropriate distance function
(s,

For the sake of simplicity, let us consider the case for k = 1.
The extension of the algorithm for k > 1 is straightforward as will
be shown later.

The proposed procedure consists of two stages. .First, the design
set_is hierarchically decomposed into disjoint subsets. The results
of this decomposition are represented by a tree structure. Second,
the resulting tree is searched by the branch and bound method.
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Fig. 1. Results of the hierarchical decomposition (bold lines indicate
the nodes expanded by the algorithm for the typical test sample of
Experiment 1).

Decomposition of the Design Samples

The design sample set is divided into I subsets, each subset is
further divided into I subsets, and so on. The results of such a de-
composition can be represented by a tree structure as in Fig. 1
(I = 8). Each node p of the tree represents a group of samples,
and is characterized by the following parameters:

S, set of samples associated with node p;
N, number of samples associated with node p;

M, sample mean of Sp; 1 (1)
rp = max d(Xi,M,) farthest distance from M, to an X; € S,
Xi€Sp.

Any clustering technique can be used for decomposing the samples;
Obviously, the resulting groups are not required to be ‘“meaningful’
clusters, nor is the “cluster splitting tendency’” of some clusterin &
techniques, objectionable. Computational economy is the chief
consideration affecting the choice of the clustering procedure. In
the experiments reported in this correspondence, we used the
k-means clustering algorithm [8] which forms the basis for
ISODATA [9]. As a general guideline, nodes with large populations
N, may be permitted to have large r,.

Tree Search by Branch and Bound

After the design samples have been decomposed, and the quantities
M,, 75, Np, and S, evaluated, each node p can be tested as to whether
or not the nearest neighbor to X may be in S,, by the application

of the following rule.
Rule 1: No X; € S, can be nearest neighbor to X, if

B +r, <d (X,M,). 2)

B is the distance to the current nearest neighbor of X among the
design samples considered up to the present. Initially, B is set to
be .
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Fig. 2. Illustrating Rules 1 and 2.

The proof of Rule 1 follows.
For an X; € S,,

d(-Xth) + d(XinP) _>_ d(XtMP)
Since, d(X;,M;) < rp by definition,
d(X,X;) > d(X,M;) — rp.
Therefore, X; cannot be nearest neighbor to X, if,
d(X,X;) 2 d(X,Mp) —rp, > B.

Equation (2) follows immediately. Fig. 2(a) illustrates the
proof for the Euclidean distance measure.

Thus, many nodes p and the corresponding groups of samples S,
could be eliminated from consideration without explicitly computing
the distances to the individual samples in S,.

For a node p at the final level (level 3 in Fig. 1) of the tree, if
Rule 1 is not satisfied, distances to the individual samples in S;,

from X must be computed. However, many distance computations
can still be avoided as follows.

Rule 2: X; cannot be the nearest neighbor to X, if
B + d(Xt'yMr) < d(X!MP)y (3)

(Triangle inequality).

where X7 € ;.

The proof is along the same lines as for Rule 1. Fig. 2(b) illustrates -
the proof. The d(X;,M,) are available from the computation of
rp during the decomposition. These distances are stored only for
the nodes at the lowest level of the tree, requiring the storage of only
N real numbers.

We can now apply the branch and bound method which is well
known as an efficient tree-search algorithm, in order to search the
tree in Fig. 1, testing the nodes by Rules 1 and 2. The tree-search
algorithm is as follows.

Step 0 (Initialization): Set B = «©, CORRENT LEVEL L = 1, and
CURRENT NODE = 0. -

Step 1 (Ezpansion of cCURRENT NODE): Place all nodes that are
immediately direct successors of the CURRENT NODE into the ACTIVE
LIST at CORRENT LEVEL. Compute and store the d(X,M,) for these
nodes.

Step 2 (Test for Rule 1): For each node p in the ACTIVE LIST at
CURRENT LEVEL, if d(X,M}) > B + rp, remove p from the ACTIVE
LIST at CURRENT LEVEL.

Step 3 (Backtracking): If there are no nodes left in the AcTIvE
LIST at CURRENT LEVEL, backtrack to the previous level, i.e., set
L =L —1.Ii L =0, then terminate the algorithm..If L # @, go
to Step 2. If there are one or more nodes in ACTIVE LIST at CURRENT
LEVEL, go to Step 4.
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Flowchart for the search algorithm.

Step 4 (Choose the Néarest Node for Ezpansion): Choose the
nearest node p (yielding the smallest d(X,M,)), among the nodes
in ACTIVE LIST at CURRENT LEVEL, and call it the CURRENT NODE. Re-
move p from the ACTIVE LIST at CURRENT LEVEL. If the CURRENT
LEVEL is the final level, go the Step 5. Otherwise, set L = L + 1, and
go to Step 1. .

Step & (Test for Rule 2): For each X; in CURRENT NODE p, do the
following. If d(X,M,) > d(X;,M,) + B, X; cannot be the nearest
neighbor to X, so, do not compute d(X,X;). Otherwise, compute
d(X,X:). If d(X,X:) < B, set CURRENT NN = %, and B = d(X,X)).
After all the X{'s in the CURRENT NODE are tested, go to Step 2.

Fig. 3 shows the flow chart for the algorithm. Upon the termina-
tion of the algorithm, the nearest neighbor is given by CURRENT NN
and its distance to X, by B.

Note that a slight improvement may be made in Step 1 by setting
B = min [B,d(X,M;) +r,], whenever d(X,M,) is computed.
This will tighten B in the initial stages of the algorithm.

Eztension to k-Nearest N etghbors

Extension to k-nearest neighbors is straightforward, with B as the
distance to the current kth nearest neighbor. When a distance is
actually calculated in Step 5, it is compared against the distances
from X to its current k-nearest neighbors, and the current k-nearest
neighbor table is updated as necessary, discarding the sample from
the table that is now k 4 1th nearest neighbor to X.

III. EXPERIMENTAL RESULTS

Ezperiment I—Gaussian Distribution: 1000 pseudorandom samples
were drawn from a bivariate normal population with mean vector
M = [0 077, and covariance matrix

10
2z =
01
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The samples were divided into 27 final subgroups by successive
applications of the three-means algorithm as shown in Fig. 1. It ig
to be noted that at each of the three levels of splitting, only N X
(average number of iterations of the clustering algorithm) distance
computations are required. The average number of iterations ip
the present example were four. Thus, a total of 4 X 3 X 1000
distance computations were required for the preprocessing. An
independent test set of 1000 samples was drawn from the same
population, and the search algorithm was applied for each of the
test samples to find its nearest neighbor among the preprocessed
set of samples. A total of 61 distance computations were required
per sample on the average, and no test sample required more than
87 distance computations. As an indication of the effectiveness of
the branch and bound method, the algorithm rejected 1 whole
group at level 1, an average of 3 groups at level 2, and 11 groups at
level 3. Indeed, at the final level of the tree, only 6 of the 27 groups
were considered on the average, with only 39 actual distance com-
putations being made on the average at Step 5 of the algorithm.
The remaining 22 distance computations were made during the
search process to evaluate the distances to the sample means of
the groups. As an illustration, for a typical test sample, the following
sequence of nodes were selected for expansion as Current Node in

the algorithm, (with reference to Fig. 1): 0-1-5-16-17-4-13-2-7-23-

22-8-25-26. Nodes not listed in the above sequence were rejected
by Rule 1. Note that if a node is rejected by Rule 1, all of its suc-
cessors are implicitly rejected, resulting in considerable savings in
distance computations to the successive nodes.

Experiment 2—Uniform Distribution: The same experiment was
repeated with 1000 pseudorandom samples from a bivariate uniform
distribution over (—0.5 < z; < 0.5) and (—0.5 < z; < 0.5). The
average number of distance computations per test sample were 46.
The average number of iterations of the clustering procedure in
the preprocessing were 2 which meant that 2 X 3 X 1000 distance
computations were made during the preprocessing.

Ezperiment 3— (Eight-Dimensional Data): To test the behavior
of the algorithm in higher dimensional space, it was applied to
3000 pseudorandom samples uniformly distributed within a hyper-
cube of side 1 in eight dimensions. I was chosen to be 4, and the
number of levels of dichotomy were also 4, yielding 256 final groups.
The average number of distance computations made to find the
nearest neighbor of an independent test set from the same popula-
tion were 451. The number of groups rejected by the algorithm at
levels 1 through 4 were, respectively, —0, 0.6, 20, and 130.

General Remarks

The sensitivity of the algorithm to the number of levels and to
the number of branches at each node was investigated for the data
of Experiment 1. It was found that the dominant factors affecting
the efficiency of the algorithm are the average population of the
final subgroups, and the total number of nodes in the tree. Too
many samples (more than 60) in each of the final subgroups yielded
fewer nodes, but required more distance computations to the in-
dividual samples. Too few samples in each of the final subgroups
yielded a large number of nodes. Thus, while much fewer distance
computations were made to the individual samples themselves
(at Step 5), a larger number of distance computations were made
to the nodes in the search process. It appears that a compromize
between the size of the terminal subgroups and the number of nodes
in the tree has to be made. In the present instance, the cited example
in Experiment 1 required the fewest distance computations on the
average (with 39 nodes in the tree and 27 final subgroups). The
algorithm requires proportionately far fewer distance computations
when the number of samples are larger. This renders it even more
valuable when large data are being processed.

The preprocessing is so inexpensive in terms of computation tirne
that the algorithm remains viable even when the test set is small
in comparison with the design set. For the same reason, the &!gorithrn
can still be applied with advantage, when the test set and the
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design set are the same. The total number of distance computations,
including the preprocessing, would still be a small fraction of the
N (N — 1)/2 pairwise distance computations required otherwise.
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Minimization of Switching Functions—A Fast Technique

SURESHCHANDER

Abstract—An algorithm is presented in this correspondence which
will generate only those prime implicants (PI's) which are essential
or necessary for a minimal sum of products (the technique can be
extended for product of sums form also) of a given switching func-
tion—given all the minterms. This algorithm eliminates the neces-
sity of finding out all the PI's.

The algorithm is suitable both for solving a problem by hand or for
programming it on a digital computer. The memory requirement in
this algorithm is much less than any existing known method.

Index Terms—Consensus, DON'T CARE term, literal, minimal sum,
minterm, prime implicant, product-1, product-0, subcube.

I. INTRODUCTION

The minimization of switching functions with a two-level network
is a complex problem, particularly when the number of variables is
large. The Karnaugh map method is an effective tool up to a maxi-
mum of six variables. The Quine-McCluskey technique decomposes
the problem into two parts: 1) the determination of prime implicants
(PI’s); and 2) the selection of PI's for a minimal cover. In the past,
a lot of attention had been paid to the first part [3]-[9], namely
the generation of all the PI's. Few techniques, like Pyne and
McCluskey [13] and weighted method [14], exist for finding a
minimal cover, but these are unsuitable when the number of variables
is large.

The second part of the problem is of grater complexity. The
deduction of minimal covering from the knowledge of all the PI’s
is practically impossible for functions having more than ten vari-
ables [9].

Recently Sureshchander [12] gave a method which deals with
the problem as a whole instead of decomposing it into two parts.
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This paper is an extension of the earlier paper [127]. This technique
has been written and programmed for an ICL 1909 computer using
Fortran IV. The core required for this program is about 4k plus
twice the number of minterms. This program can be used to minimize
a function up to 23 variables, as ICL 1909 has words of 24-bit
length—the 24th bit being the sign bit. The program can be used,
after small modifications, even if there are more than 23 variables.

II. DEFINITIONS AND THEOREMS

Definition 1.1: A product -1 P is defined as a product of only those
variables which are true in a given minterm.

Definition 1.2: A produci-0 p is defined as a product of only those
variables which are not true in a given minterm.

Definition 1.3: The product-1 and product-0 of a given minterm
will be said to be the corresponding-product terms.

AP; = bi
and
A(AP;) = P,

Ezxample: The product-1 P and product-0 p terms of a minterm
T12223%4E5Ts are 2,223 and Z4d:%s, respectively.

A(;xax3) =

[
B

1T5T6
and
A (A (35117223) )

I

(le’zﬂ:;) .

The product of P; and p; completely defines any minterm.

Definition 2: Two product-1 terms, P; and P;, will said to be
d-distance apart if # (P, P;) = d, P;, P; denotes the number of
literals which are either in P; or P; but not in both.

Ezxample: The product-1 terms zix:z4x; and z:12.z3 are at a distance
of three.

Definition 3: P; and P; will be said to have consensus if they are
one distance apart, i.e., # (P;,P;) = 1.

Definition 4: If a product-1 term P; is at a distance one from
exactly r number of produci-1 terms, then P; is said to have rth-
degree consensus.

Definition 6: Let Po have rth-degree consensus and Po; and
Poi;_p, be at a distance j and (j — 1), respectively, from P, for
J =2,3,-++,r. If each Py;; has consensus with exactly! j number of
Pqy(;_y terms, then all these Py;; terms will be said to belong to the
P, family. j takes the value from 2 to r.

Definition 6: Py will be said to have a proper rth-degree consensus
provided: 1) P, has rth-degree consensus; and 2) There are (})
number of Pg;; terms in the P, family. Here, ¢ = 1,2,-++,(}), and
F=12c00r.

Example: Consider, for example, the following switching function:

f=258910,11,12,13,14,15.

The corresponding Karnaugh map repfesentation is shown in Fig. 1.
The P terms for the above function are

f = 2 (04,2, 51T, T, DT, T, TATAT 4, TA T T3, TATATT) «
The P term zx; has third-degree consensus namely with
Ty, T)%2Z4, and 217,73,

and has all (}) terms in the z,z; family. The (}) terms in this case
are I, T17:24, and 7,2:7;. The (3) terms are 71z4, .73, and 71227574 The
(3) term is z1z4z4. These terms meet all the requirements of Defini-
tions 5 and 6. Hence, z1z; has a proper consensus of third degree.

Theorem 1: If P, has a proper consensus of rth degree, ther the
entire P, family will constitute an essential prime implicant {EPI).
This family corresponds to an rth-order subcube on the Karnaugh
map.
Proof: For a PI to be an EPI, it is necessary that at least cne

1 Poij may have a concensus of degree higher than j.



