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ABSTRACT

We proposea new techniquewhich incrementallyderive
discriminatingfeaturesin the input space. This technique
castsboth classi cation problems(classlabelsas outputs)
andregressionproblems(numericalvaluesas outputs)into
auni ed regressiomproblem. The virtual labelsareformed
by clusteringin the outputspace We usethesevirtual labels
to extract discriminatingfeaturesin the input space. This
procedures performedrecursvely. We organizethe result-
ing discriminatingsubspacén a coarse-to- nefashionand
storetheinformationin a decisiontree. Suchanincremen-
tally hierarchicabiscriminatingregressionIHDR) decision
treecanberealizedasa hierarchicalprobability distribution
model.We alsointroducea samplesizedependentegative-
log-likelihood (NLL) metricto dealwith large-samplesize
casessmall-samplesize casesandunbalanced-sampkize
cases. This is very essentiakincethe numberof training
samplegper classaredifferentat eachinternalnodeof the
IHDR tree. We reportexperimentalresultsfor two typesof
data:faceimagedataalongwith comparisorwith somema-
jor appearance-basedethodand decisiontrees,hall way
imageswith driving directionsasoutputsfor the automatic
navigation problem— aregressiorapplication.

1. Intr oduction

The capabilityof computergo ef ciently andeffectively
retrieveinformationfrom imagedatabasegivesasigni cant
impacton the progresof digital library technology A cen-
tral taskof a multimediainformationsystemis to ef ciently
store,fastandcorrectlyretrieve, and easilymanagamages
in thedatabas§10].

An essentialissuefor image databases the represen-
tation of the image. We can cateyorize the image repre-
sentationinto two types: the model-basedystemand the
appearance-baseaystem. The model-base@pproachuses
manuallyde ned featuredo represenbbjectsin theimages.
A lot of efforts hasbeenmadeon this paradigm[2] [5] [6]-
Thefocusof this approachs to designanef cient algorithm
from a setof manually selectedfeatures. The strengthof
the methodis the efciency in representingmages. With
a properdesignand a restricteddomainof images,only a
very small numberof parameterss sufcient to represent
the objectsin theimageandto distinguishamongdifferent

objects. However, the model-base@pproachis dif cult to
generalize.For examplesgiven a faceimagedatabasethe
designemeedsto manually nd the featuresfor faces.The
facefeaturesbecomebe uselessvhena carimagedatabase
is presentedThe designetthenneedso nd anothersetof
featuresfor carimages. Suchkind of manuallydesigning
featurescannotscaleup to largeandcomplex domainssince
therearecountlessnodelsto be built.

Theappearancapproacthasrecentlydravn muchatten-
tion in machinevision [13] [7]. Insteadof relyingonhuman
designerto de ne featuresthe appearance-basegproach
enablesnachinedo automaticallyderive featuresfrom im-
agesamplesTo doso,it consideratwo dimensionalmage
asalong vector Statisticalclassi cationtools are applied
directly to the samplevectors. One exampleis the nearest
neighbor(NN) classi er. As is well-knowvn, NN classi er
is very time andspaceconsumingfor high-dimensionalm-
agespaceandalargeimagedatabaseTo usefewer features
to represent setof images,the principal componentanal-
ysis (PCA) hasbeenusedfor facerecognition[13]. PCA
can optimistically reconstructthe imagesrepresentedvith
the leastmeansquareerrors. However, the featureswhich
canwell representhe original datasetare not necessarily
goodfor the purposeof classi cation. The featuresderived
from the linear discriminantanalysis(LDA) canwell dis-
tinguishdifferentclassesndthusarebetterfor the purpose
of classi cation,providedthatthe samplesontainsufcient
information[12].

The secondssuefor imagedatabasés how to organize
therepresentefeaturessothattheretrieval is both fastand
accurate.Linear searchis very time-consumingand makes
it impractical. One way to solve this problemis to usea
decisiontree. A well designeddecisiontree canretrieve a
matchedsamplewith a logarithmictime compleity. This
is a very useful characteristicfor large image databases.
Thereis a very rich literatureaboutdecisiontrees,seesur
veys[8] [3]. Theapplicationsof decisiontreehave beentra-
ditionally for alow-dimensionafeaturespacevith manually
selectedeaturesThisis truelargelybecausédumansannot
de ne alarge numberof usefulfeatures. Appearance-based
approachdrasticallychangedhis situation. Traditionaldeci-
siontreesfor low-dimensionalinput spacehave beenfound
not suitedfor input dimensionalityof a few thousandsand
up, even after data-dimensionaleductionusingtechniques
suchasPCA, aswe reportin this paper The majorreason
is the high compleity of sampledistribution thatcannotbe



capturedby asingle-level PCA. As demonstratethy [11], if
adifferentsubspacés computecdat eachinternalnodeof the
tree,abettergeneralizatiorpower results.

2. A New SubspaceRegressionTreefor High
DimensionalLearning

Discriminantanalysiscanbe cateyorizedinto two types
accordingto their outputs:class-labebutputandnumerical
output. If the outputis a classlabel, the taskis calledclas-
si cation. Otherwise thetaskis calledregression.We cast
bothclassi cationandregressiortasksinto aregressiorone
in this study

A classi cationtaskcanbestatedasfollows. Giventrain-
ing sampleset

, Where is aninput (feature)vectorand
is the symboliclabel of |, the taskis to determinethe
classlabelof anunknavn input

How canonecasta classi cationtaskinto a regression
one? We considerthreecases.(1) If a costmatrix is
readily available from application,where s the costof
confusingclasses and , onecanembed classlabelsinto
an -dimensionalEuclideanoutputspaceby assign-
ing vector toclass, , sothat
is ascloseto as , asmuchas possible. This processis
not always possiblesincea pre-de nedcost matrix is
not always easyto provide. (2) Canonicalmapping. Map

classlabelsinto an dimensionaloutput spaceso that
the -th classlabelcorrespondso a vectorin whichthe -th
components 1 andall othercomponentsre zeros. After
this mapping,the distancebetweenary two differentclass
labelsis the same: 1. This label mappingdoesnot assign
differentdistancego differentoutputvectorsbut will do so
for coarseclassesn a coarse-to- neclassi cationaswe ex-
plainedbelon. (3) Mappinglabelsinto input space. Each
sample belongingto class is convertedto
where , the vectorclasslabel, is the meanof all  that
belongto the sameclass. This label mappingschemecon-
sidersthe distancein input spaceasthat betweendifferent
classes.In mary application,it is a desirableproperty In
eachleaf nodeof the regressiontree, eachtraining sample

hasalink tolabel sothatwhen is found

asa goodmatchfor unknavn input , s directly output
asthe classlabel. Thereis no needto searchfor the near
estneighborin the outputspacefor the correspondinglass
label.

One the other hand, one cannotmap a numeric output
spaceinto a setof classlabelswithout losing the numeric
propertiesamongan in nite numberof possiblenumerical
vectors. Therefore,a generalregressionproblemis more
generakhanaclassi cationproblem.

Now, we considera generakegressiorproblem:approx-
imating a mapping from a setof training sam-

X space Y space

Y-clustersn space andthecorrespond-
ing x-clustersin space . The rst andthesecondr-
der statisticsareupdatedor eachcluster By default,
the normalizedMahalanobisdistanceis usedfor x-
clusterandthe Euclideardistances usedfor distance
to y-cluster

ples L f
wasa classlabel, we could uselinear discriminantanalysis
sincethe within-classscatterandbetween-classcatterma-
tricesareall de ned. However, if  is a numericaloutput,
which cantake ary valuefor eachcomponentit is challenge
to performdiscriminantanalysiseffectively.

We introduce a new hierarchical statistical modeling
methodto addresshis challenge. Considerthe mapping
, Which is to be approximatedby a regres-

siontree , calledhierarchicatiscriminantegression(HDR)
tree,for the high dimensionakpace . Ourgoalis to auto-
matically generatediscriminantfeaturesalthoughno class
labelis available (otherthanthe numericalvectorsin space
). We must processeachsample to updatethe

HDR treeusingonly a minimal amountof computation.

Two typesof clustersareformedateachnodeof theHDR
tree— y-clustersandx-clusters.asshavn in Fig. 1. They-
clustersareclustersin the outputspace andx-clustersare
thosein theinputspace . Thereareamaximumof (e.g.,

) clustersof eachtype at eachnode. The y-clusters
determineghevirtual classlabelof eachsample based
onits part. The virtual classlabel is usedto determine
which x-clustertheinput sample shouldupdateusing
its part. Eachx-clusterapproximateshe samplepopula-
tionin  spacefor the samplesthat belongto it. It May
spavn a child nodefrom the currentnodeif ner approxi-
mationis required.At eachnode, in nds thenear
esty-clusterin Euclideandistance.This y-clusterindicates
thatwhich corresponding-clusterto which theinput
belongs. Then,the partof is usedto computethe
statisticsof the x-cluster (meanvector and the covariance
matrix). Thesestatisticsof every x-clusterareusedto esti-
matethe probabilityfor thesample to belongto the x-
cluster whoseprobability distribution is modeledasa mul-
tidimensionalGaussiarat this level. A total of centersof
the x-clustersgive discriminantfeatureswhich span

-dimensionatliscriminantspace A probability-based
distance(to be discussedn Section2.3) from to eachof
the x-clustersis usedto determinewhich x-clustershould
be further searched.If the probability is high enough,the

A regressiontreeis, by de nition, a decisiontree whoseout-
putis a numericvectorwhile a classi cationtreeis a decisiontree
whoseoutputis a classlabel[3].



sample shouldfurthersearchthe correspondinghild
(may be morethanone but with an upperbound ) recur
sively, until the correspondingerminalnodesarefound.

For computationakf ciency, noneof the x-clustersand
y-clusterskeepactualinput samples unlike the traditional
clusteringmethods. Only the rst ordersof statisticsare
usedto representhe clusters. For example,eachy-cluster
keepsthe meanvector and the diagonalcovariancematrix
dependingon the distancemetricin the  spacewhile each
x-clusterkeepsthe meanvectorandthe full covariancema-
trix in anef cient form.

In summarythealgorithmrecursvely buildsaHDR tree
from a setof training samples.The deepera nodeis in the
tree,the smallerthe variancef its x-clustersare. The fol-
lowing is the outline of the algorithmfor tree building and
retrieval.

and a
, among

Procedure1 BuildSubtree Given a node
subset of thetraining sampleghat belongto
the samplesin

, build the subteewhich rootsfromthe node
using recusively At most clustes are allowedin one
node

1. Let bethenumberof theclustesin node

Call Clustering-Y
y-clustes.

(procedue 2) to obtain

If belongsto -thy-clusterthen
-th x-cluster

belongsto

2. Computethe meanand covariance matrix of ead x-
cluster

3. Forevery of in

Find the neaest x-cluster
probability-basedlistances.

accoding to the

Letthesample belongto cluster .

4. For ead cluster , nowwe havea portion of samples
thatbelongto thex-cluster If thelargestEuclidean
distanceamong 'sin the x-clusteris larger than a
number , achild node of is createdfromthe
x-clusterand this procedue is called recusivelywith
inputsamples andnode . Thenumber rep-
resentghesensitivityof theHDR treein  space

Procedure2 Clustering-Y  : Givena setof outputvec-
tors ,return y-clustes. , Whee
representgshe maximunclustes allowedin onenode

1. Letthemean of y-clusterl be . Set and

2. For from to do

(@) Findtheneaesty-cluster for

(b) Compute the Euclidean distance
(c) If and , let the mean of y-
cluster be . Set

(d) Otherwiseupdatey-cluster byusingnen mem-
ber

The procedureo createa HDR treejust calls procedure
BuildSubtree  with root andall the training samples
. The
procedurdor querythe HDR treefor anunknavn sample
is describedn below.

Procedure3 Retrieval : GivenaHDRtree andsam-
ple , estimatethe correspondingoutputvector . Parame-
ter speci esthe upperboundin the width of parallel tree
seach.

1. From the root of the tree computethe probability-
baseddistanceto every cluster in the node Se-
lect at mosttop  x-clustes which havethe smallest
probability-basedlistancedo . Thesex-clustes are
calledactivex-clustes.

2. For every activeclusterreceivedched if it pointsto
a child node If it does,markit inactive and explore
its child nodeby computingthe probability-basedlis-
tanceof x-clustesin thechild node Atmost  active
x-clustes canbereturned.

3. Mark at most active x-clustes accoding to the
smallestprobability-basedlistances.

4. Do theabove step2 through3 recussivelyuntil all the
resultingactivex-clustes are all terminal.

5. Letthecluster havethe shortestdistanceamongall
readedleaf nodes.Outputthe correspondingneanof
its y-clusterasthe estimatedutput for

If we useGaussiardistribution to modeleachx-cluster
this is a hierarchical version of the well-knowvn mixture-
of-Gaussiardistribution models: the deeperthe treeis, the
more Gaussiansireusedandthe ner aretheseGaussians.
At shallav levels,thesampldalistributionis approximatedby
a mixture of large Gaussian(with large variances) At deep
levels,the sampledistribution is approximatedy a mixture
of mary small Gaussiangwith small variances).The mul-
tiple searchpathsguidedby probability allow a sample
thatfalls in-betweentwo or moreGaussianst eachshallov
level to explorethetreebrancheshatcontainits neighboring
x-clusters.

In theabore SubSectionwe needto estimatehedistance
for aninput vector to belongto an x-cluster For areal-
time system,it is typically the casethat the systemcannot
afford to keepall the samplesn eachcluster Thus, each
clusterwill berepresentely somestatisticaimeasuresvith
anassumediistribution.

We rst consideix-clusters Eachx-clusteris represented
by its meanasits centerandthe covariancematrix. How-
ever, sincethe dimensionalityof the space is typically
very high, it is not practicalto directly keepthe covariance
matrix. If the dimensionalityof is 3000, for example,
eachcovariancematrixrequires
numbers!/We adopta moreef cient method.

As explainedin Section2.2, eachinternalnodekeepsup
to x-clusters.Thecentersof these x-clustersaredenoted



by
@)

The locationsof these centerstell us the subspace in
which these centerdlie. is a discriminantspacesince
the clustersare formed basedon the clustersin space .
In this space,we can computethe between-clustescatter
andwithin-clusterscatter Supposéghatthe numberof sam-
plesin cluster is and the grand total of samplesis
. Themeanof the clustercenter denotedoy

is computedas

The covariancematrix of cluster is denotedby
. Thewithin-clusterscattemmatrix is the weighted
averageof thewithin-clusterscattemmatrices:

- )

The between-clustescattemmatrix is the samplecovariance
matrix for theclustercenters:

- @)

Thesamplamixturematrixis thecovariancematrix of all the
samplesegardles®f their clusterassignmentsgndit is also
equalto

TheFishers lineardiscriminantanalysig4] nds asub-
spacghatmaximizesheratio of between-clustescatterand
within-cluster scatter: . Sincewe decideto use
the entire discriminantspace , we do not needto con-
sider the within-clusterscatterherein nding  andthus
simpli es the computation.Oncewe nd this discriminant
space , wewill usesize-dependemtegative-log-likelihood
(SDNLL) distanceasdiscussedh Section2.4to take careof
thereliability of eachdimensionin

Let us considerthe negative-log-likelihood (NLL) de-
ned from Gaussiardensityof dimensionality

(4)

We call it GaussiarNLL for to belongto the clusterof
. We call it MahalanobisNLL if is replacedby the
within-classscattermatrix of eachnode— the averageof
covariancematricesof clusters.We call it EuclideanNLL
if  isreplacedby a scalematrix
Supposehat the input spaceis  andthe discriminat-
ing subspacéor aninternalnodeis . The EuclideanNLL
hasonly one parameter to estimate. Thusit is the least
demandingamongthethreeNLL in therichnesf obsena-
tion. Whenvery few samplesare availablefor all the clus-
ters,the Euclideandistances the suiteddistance.
The MahalanobisNLL useswithin-classscattermatrix
computedrom all thesamplesn all the x-clusters.The
numberof parameterin  is , andthus,theMaha-
lanobisNLL requiresnoresampleshantheEuclidearNLL.

For GaussiarNLL, in Eq.(4) usesthe covari-
ancematrix  of x-cluster . It requiresthateachx-cluster
hasenoughsamplego estimatehe covari-
ancematrix. It thusis the mostdemandingon the number
of obserations. Note thatthe decisionboundaryof the Eu-
clideanNLL andthe Mahalanobid\LL is linearandthatby
theGaussiarNLL is quadratic.

We would like to usethe EuclideanNLL whenthe num-
ber of sampledn the nodeis small. Gradually asthe num-
ber of samplegncreasesthe within-classscattermatrix of

x-clustersare better estimated. Then, we would like to

usethe MahalanobiNLL. Whena clusterhasvery rich ob-

senations,we would like to usethe full GaussiarNLL for

it. We would like to male anautomatictransitionwhenthe

numberof samplesncreasesWe de ne thenumberof sam-

ples asthe measuremenof maturity for eachcluster .
is thetotal numberof samplesn anode.

Forthethreetypesof NLLs, we havethreematrices,

,and . Considerthe numberof scalesreceved to esti-
mateeachparameters;allednumberof scaleperparameter
(NSPP)of theelemenbf thematrices. TheNSPPfor is

, sincethe rst sampledoesnot give ary es-
timateof the varianceandeachindependentectorcontains
scalesFor theMahalanobid\LL, thereare
parameterso beestimatedn the (symmetric)matrix . The
numberof independentectorsreceved is because
eachof the x-clusterrequiresa vectorto form its mean

vector Thus,thereare independenscalars.
The NSPPfor the matrix is . To
avoid the valueto be negative when , we take NSPP
for to be S Similarly, the NSPPfor

for the GaussiaNLL is -
A bounded\'SPPis de ned to limit thegrowth of NSPP
so that other matricesthat contain more scalarscan take
overwhenthereareasufcient numberof sampledor them.
Thus,the bounded\SPPfor is
,where denotegheswitchpointfor thenext more
completematrix to take over. Similarly, the bounded\NSPP
forfor is It isworth
notingthatthe NSPPfor the GaussiartNLL doesnotneedto
be bounded sinceamongour modelsit is the bestestimate
with alargenumberof samplesThusthebounded\SPPfor
GaussiaNLL is .
Wede ne asize-dependestattermatrix(SDSM)  as
aweightedsumof threematrices:

()

where , , and isa
normalizationfactor so that thesethree weightssumto 1:
. Usingthis size-dependersgcattermatrix
, thesize-dependemtggativelog likelihood(SDNLL) for

to belongto the x-clusterwith center isde ned as

(6)

3. The experimental results

We shav the experimentalresultsfor face recognition
problemasanexampleof classi cationapplication.For re-



gressionproblem,we demonstratethe performanceof our
algorithmin autonomousavigationproblem.

Sinceour primaryinterestis in imageswvhichhave ahigh
dimensionalitywe appliedthenew algorithmto appearance-
basedfaceimageretrieval tasks. The experimentalresults
on FERET facedataset[9] arereportedhere. We usedthe
frontal views from the dataset. Thirty four humansubjects
wereinvolvedin this experiment.Eachpersorhadthreeface
imagedor the purposeof training. Theotherfaceimagewas
usedfor testing.

A face normalization program was usedto translate,
scale,androtateeachfaceimageinto a canonicaimageof

rowsand columns[l] sothateyesarelocatedat pre-
speci ed positionsasshavn in Fig 2.

To reducethe effect of backgroundandnon-facial areas,
image pixels are weightedby a numberthat is a function
of the radical distancefrom the imagecenter Further the
imageintensity is masled by a linear function so that the
minimumandmaximumvaluesof theimagesare and
respectiely. Fig 2 shaws the effect of sucha normalization
procedure.

@) (b) (©

(e) () )

The demonstratiorof theimagenormal-
ization process.(a), (e) The original imagefrom the
FERETdataset. (b), (f) The normalizedimage. (c),
(9) Themasledimage.

We comparedhe error rate of the proposedHDR algo-
rithm with somemajortreealgorithms.CART andC5.0are
amongthe bestknown classi cation trees. However, like
most other decisiontrees,they are univariatetreesin that
eachinternalnodeusedonly oneinput componento parti-
tion thesamplesThis meanghatthe partitionof sampleds
doneusinghyperplaneshatare orthogonalto oneaxis. We

Method Errorrate Time (sec)
Training | Testing | Training | Testing

CART 10% 53% | 2108.00| 0.029
C5.0 1% 41% 21.00 0.030
OC1 6% 56% | 2206.00| 0.047
CART PCA 11% 53% 10.89 0.047
C5.0PCA 6% 41% 9.29 0.047
OC1PCA 5% 41% 8.89 0.046
HDR 0% 0% 23.41 0.041

donotexpectthistypeof treecanwork well in ahighdimen-
sionalspace.Thus,we alsotesteda morerecentmultivari-
atetreeOC1. We realizethatthesetreeswerenot designed
for high dimensionakpacedik e thosefrom imagesWe also
testedthe correspondingrersionsby performing PCA be-
fore usingCART, C5.0,andOC1andcall themCART with
PCA, C5.0with PCA, andOC1with PCA, respectiely. A
summaryof comparisoris listedin Tablel. Noticethatthe
trainingtime is measuredor the total time to train the cor
respondingystem.Thetestingtime is the averagetime per
query To male afair comparisonthe computatiortime for
PCA is includedin C5.0with PCA, OC1 with PCA, and
CART with PCA. As shawn, noneof the existing decision
treescan deal with FERET set, not even the versionsthat
usePCA asa preprocessingtep.
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Theperformancef theautonomousav-
igation. (a) The plot for maximum error ratesvs.
epochs.(b) Theplot for meanerrorratesvs. epochs.
Thesolidline representtheerrorratesfor resubstitu-
tion test. The dashline representshe error ratesfor
thetestingset.

A vision-basedhavigationsystemacceptaninputimage

and outputsthe control signal  to control the vehicle.
Thenavigatorcanbedenotediy anfunction thatmapsthe
inputimagespace to controlsignalspace . Thelearning
procesf the autonomousavigation problemthencanbe
realizedas a function approximation. This is a very chal-
lengingtask sincethe function to be approximateds with



very high dimensionalinput spaceandthe real application
requireshe navigatorto performin realtime.

We appliedour algorithmto this challengingproblem.
Totally imageswith the correspondincheadingdirec-
tions were usedfor training. The resolutionof eachimage
is by . We usedthe other imagesto test. Fig 3
shavs the maximumerrorratesandmeanerrorratesversus
the numberof epochs. Both maximumerror and meaner-
ror corverge aroundthe 15thepoch.Fig 4 givesplots of the
histogramsof the error ratesat differentepochs. With the
increaseof the epochswe obseredtheimprovementof the
maximumerrorandmeanerror.
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Thehistogram®f theerrorrates.Plot(a),
(b), (c), and(d) correspondo thehistogramsatepoch
1,6, 11,20, respectiely.

4. Conclusion

We castboth classi cationandregressionproblemsinto
auni ed regressiorframavork. This allows usto designthe
new doubly-clusterednethod.Clustersin outputspacepro-
vide coarse-to- nevirtual clasdabelsfrom clustersn thein-
putspace.To dealwith high-dimensionainput spaceadis-
criminatingsubspacés automaticallyderived at eachinter-
nalnodeof thetree. A size-dependemrobability-basedlis-
tancemetric SDNLL is proposedo dealwith large sample
casessmallsamplecasesandunbalancedamplecasesEx-
perimentaktudywith syntheticdatashavedthatthemethod
can achieve nearBayesianoptimality for both low dimen-
sionaldataandhigh dimensionadatawith low dimensional
datamanifolds. With the help of decisiontree,the retrieval
time for eachsampleis of logarithmiccompleity. Theout-
put of the systemcanbe both classlabel or numericalvec-
tors, dependingon how the systemtrainergivesthetraining
data. The experimentalresultshave demonstratedhat the
algorithmcandealwith a wide variety of samplesizeswith
awide-variety of dimensionality
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